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^"^ 1 Abstract. We classify equivariant topological complex vector bundles over 

fvj ' two-sphere under a compact Lie group (not necessarily effective) action. It is 

shown that nonequivariant Chern classes and isotropy representations at (at 
Zj , most) three points are sufficient to classify equivariant vector bundles except 

a few cases. To do it, we calculate homotopy of the set of equivariant clutch- 
ing maps. In other papers, we also give classifications over two-torus, real 
projective plane, Klein bottle. 

1. Introduction 
f^ , In topology, nonequivariant complex vector bundles can be classified just by 



o 



calculating their Chern classes under a dimension condition [P]. However, there 
is no such general result on equivariant vector bundles. Instead, a few results on 
y^ • extreme cases are known. Let us mention four of them. Let a compact Lie group 

C^ I G act on a topological space X. 

• If G is trivial, then G-vector bundles over X are just nonequivariant vector 
bundles, and are classified by their Chern classes in H*{X). 

• In [At[ Proposition 1.6.1], [Si p. 132], G-vector bundles over a free G-space 
X are in one-to-one correspondence with nonequivariant vector bundles 
over X/G, and are classified by Chern classes in H*{X/G). 

OO . • For a closed subgroup H oi G and any point a; in X = G/H, G-vector 

^O ' bundles over X are classified by their isotropy representations at x which 

are contained in Rep(Ga;). For this, see [Si p. 130], [B] Proposition II. 3. 2]. 

VO ' In [CKMSj . G-vector bundles over X = S^ are classified by their isotropy 

^^ . representations at (at most) two points. 

Since invariants live in H*{X), H*{X/G), Ke-p{Gx), these results might be consid- 
ered to have three different types. In this paper, we classify equivariant topological 
complex vector bundles over two-sphere under a compact Lie group (not necessarily 
effective) action. Readers will see those different types at once in it. By develop- 
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JH I ing ideas and machineries of it, classification over two-torus is given in |Kil] which 

shows that our method is not restrictive. Classifications over real projective plane 
and Klein bottle are also obtained as corollaries in Ki2] , jKi3j . After these, clas- 
sification of equivariant holomorphic vector bundles over Riemann sphere under a 
holomorphic complex reductive group (not necessarily effective) action will follow 
which is an equivariant version of Crothendieck's Theorem for holomorphic vector 
bundles on Riemann sphere [G], and is the motivation for the paper. 

To state main results, we need introduce several notations. It is well-known that 
a topological action on S^ by a compact Lie group is conjugate to a linear action 
[Kol Theorem 1.2], |CK) . Let a compact Lie group G act linearly (not necessarily 
effectively) on the unit sphere 5*^ in R^ through a representation p : G — )■ 0(3). 
Let VectG('5'^) be the set of isomorphism classes of topological complex G-vector 
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bundles over S*^ with the given G-action. For a bundle E in Vectc (S"^ ) and a point 
X in S^, denote by E^ the isotropy Ga;-representation on the fiber at x. It is needed 
to decompose VectG(5'^) as the sum of more simple subsemigroups. For this, some 
terminologies are introduced. Put H = kerp, i.e. the kernel of the G-action on S*^. 
Let Irr(iJ) be the set of characters of irreducible complex iJ-representations which 
has a G-action defined as 

ig-xm^xig-'hg) 

for X G Irr(_ff), g E G, h (z H. Sometimes, we also use the notation Irr(iJ) to denote 
the set of isomorphism classes of irreducible complex if-representations themselves. 
For X G Irr(if), an i?- representation is called x-isotypical if its character is a 
multiple of x- We slightly generalize this concept. For x G Irr(iJ) and a compact 
Lie group K satisfying H <\ K < G and K ■ x = Xi ^ iiT-representation W is called 
X-isotypical if res|| W is x-isotypical, and denote by Vectx(5'^,x) the set 

j [E] e Yect k{S^) I -Ex is x-isotypical for each x £ S^ \ 

where S^ delivers the restricted iiT-action. In [CKMSj . the (isotypical) decomposi- 
tion of a G-bundle is defined, and from this a semigroup isomorphism is constructed 
to satisfy 

VectG(52)- VectG,(5^x) 

xeiiT(H)/G 

where G^ is the isotropy subgroup of G at x- As a result, our classification is 

reduced to Vectc (S*^, x) for each x G Irr(_ff). Details are found in [CKMSi Section 

2]. 

The classification of Vectc (5''^,x) is highly dependent on the G^-action on 
the base space 5^, i.e. on the image p(G^), and classification is actually given 
case by case according to p{G^). So, we need to describe p{G^) in a moderate 
way. For this, we would list all possible p{G^ys up to conjugacy, and then assign 
an equivariant simplicial complex structure of S^ to each finite p{G^). Cases of 
nonzero-dimensional p{G^) are relatively simple and separately dealt with as special 
cases. First, let us define some polyhedra. Let Pm for to > 3 be the regular m-gon 
on a;y-plane in R^ whose center is the origin and one of whose vertices is (1,0,0). 
Then, 

(1) \JCm\ is defined as the boundary of the convex hull of Pm, S — (0,0,-1), 
A^= (0,0,1), 

(2) |/Ct| is defined as the tetrahedron which is the boundary of the convex hull 
of four points {\,\,\), (-3,-3,3), {-\,\,-\), (i,-i,-i), and which 
is inscribed to |A^4|, 

(3) |/Ci| is defined as an icosahedron which has the origin as the center. 

With these, denote natural simplicial complex structures on \lCm\, |^t|, |^i| by Km, 
/Ct, /Ci, respectively. Then, it is well-known that each closed subgroup of 80(3) is 
conjugate to one of the following subgroups |Rl Theorem 11]: 

(1) Z„ generated by the rotation a„ through the angle 27r/ri around z-axis, 

(2) D„ generated by a„ and the rotation b through the angle tt around x-axis, 

(3) the tetrahedral group T which is the rotation group of |/Ct|, 

(4) the octahedral group O which is the rotation group of I/C4I, 

(5) the icosahedral group I which is the rotation group of |/Ci|, 

(6) S0(2) which is the set of rotations around z-axis, 

(7) 0(2) which is defined as (SO(2),6), 

(8) SO (3) itself. 

Note that T C O, and pick an element oq of O \ T so that O = (T, oq). And, denote 
by Z the centralizer {id, — id} of 0(3). In Section [21 it is shown that each closed 
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subgroup of 0(3) is conjugate to an i?-entry of Table [TTT] (there is no literature on 
this as far as the author knows). In the table, the notation x means internal direct 
product of two subgroups in 0(3). Henceforward, it is assumed that p{G^) = R 
for some R. Let 0(3) and their subgroups act naturally on M.^. To each finite R, 
we assign a simplicial complex ICu of Table [TTT] where /Co is defined in the below. 
Each |/Cij| is invariant under the natural i?-action on R'^ as shown in Section |31 
and is also invariant under the G;^-action defined through p. So, we assume that 
\}Cr\ delivers the G,(.-action, and that /C/j delivers the G^-action inherited from it. 
Henceforward, we consider \)Cr\ as the base space instead of the usual two-sphere 
S'^ when R is finite. 
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Table 1.1. ICr, 



Dr, d for closed subgroup R 



In dealing with equivariant vector bundles over two-sphere, we need to consider 
isotropy representations at a few points (at most three points) of \ICr\. To specify 
those points, we introduce some more notations. When m > 3, denote by w' the 
vertex exp ( ^'^ „~^ ) G M^ of Km, and by e* the edge of /C™ connecting v^ and 
^1+1 fpj. j £ ^^^^^ These notations are illustrated in Figure lTO.il When we use the 
notation Z„i to denote an index set, it is just the group Z/mZ of integers modulo 
m. In Section [21 /Cm, -y% e* for to = 1, 2 are also defined. We would define similar 
notations for /Ct, /Ci. For /Ct, /Ci, pick two adjacent faces in each case, and call 
them /^^ and /°. And, label vertices of f~^ as w* for i G Z3 to satisfy 



(1) v^ 



are arranged in the clockwise way around / 



(2) v°, v-^ are contained in / ^ n /°. 

For i e Z3, denote by e' be the edge connecting w' and w*+^ , and by /' the face which 
is adjacent to /^^ and contains the edge e*. We distinguish the superscripts —1 and 
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2 only for /*, i.e. /^^ 7^ /^ in contrast to v^^ ~ v'^ , 
illustrated in Figure STTJ (a). Here, we define one more simplicial complex denoted 
by /Co which is the same simplicial complex with /C4 but has the same convention 
of notations v^,e'^, f~^,P with /Ct, /Ci- Also, put |/Co| — |/C4|- These notations are 
illustrated in Figure 1?^ fa). With these notations, we explain for D^j-entry of Table 
11.11 To each finite R, we assign a path Da (called the (closed) one- dimensional 
fundamental domain) in |/Ch| which is listed in the third column of Table fTTTI where 
6((t) is the barycenter of a for any simplex a and [x, y] is the shortest path in |/C| 
for any simplicial complex /C and two points x,y in |/C|. And, let d'^ and d^ be 
boundary points of Dfj such that d*^ is nearer to z;° than d^. Here, we define one 
more point d~^ for each finite R which is listed in the fourth column in Table [01 If 
R is one-dimensional, then denote by Da the one point set {w° = (1, 0, 0)}, and let 
d~^, d", d^ be equal to S, w°, w°, respectively. Similarly, if R is three-dimensional, 
then denote by Dn the one point set {«" = (1, 0, 0)}, and let d^^ , d^ , d^ be all equal 
to v°. So far, we have defined d-^, d° , d^ for each R. Then, {S, N} or {d'^, d", d^} 
are wanted points according to R, and we will consider the restriction -B|{s, n} ov 
E\{d-^, cP, di} for each E in VectG,^(<S'^, x)- Define the following semigroup which 
will be shown to be equal to the set of all the restrictions: 

Definition 1.1. For x ^ Irr(iJ), assume that p{G^) — R for some R of Table [TTTl 

(1) Ifi? = Z„, (a„,-5), S0(2), (S0(2), -6), then let Ag^ (5*2, x) be the semi- 
group of pairs {Ws^Wn) in Rep(G;^)^ satisfying 

i) Ws is x-isotypical, 

ii) res,^ v Ws = res/^ x Wn for x — d^,d^ . 

And, let Pvcct : VectG^(S'^,x) -^ Ac-^{S'^tX) be the semigroup homomor- 
phism defined as [E] i-)- {Es,En). 

(2) Otherwise, let Ag^{S'^,x) be the semigroup of triples (VF^-i, VF^o, W^i) in 
Rep((G'x)d-i) X Rep((Gx)dn) x Rep((Gx)di) satisfying 

i) Wfi-i is x-isotypical, 

ii) Wd^ = ^Wdo if there exists g S G^ such that gd'^ = d^, 
iii) for any two points x,x' of three points d^^, d^, d^, 

And, let Pvcct : VectG^(5^,x) ^ ^Gx{S^,X) be the semigroup homomor- 
phism defined as [E] i-> (£'^-1, £^^0, -E'dO- 



See Definition 18.11 for the superscript g. Well-definedness of Pvoct is proved in 
Lemma El] and Lemma [TLTI Put / = {0,1} and /+ == {-1,0,1}. And, denote 
a triple (W^d-i, W^o, W^i) by {Wa.)^eI+■ Especially, if p(G;,) = S0(3), 0(3), then 
Ag {S'^,x) is equal to the set 



\ (W^dOiG/+ ^ J^cp ( {G^)y„ j W^i's are the same x-isotypical representation L 

and Pvcct becomes an isomorphism by classification over homogeneous space. 

Now, we can state main results. Let ci : Vectc (S'^,x) —>■ H^{S^) be the map 
defined as [E] >->• ci{E). Denote by Ij^ the number \G^\/\G^{Dfi)\ where G^{Dfi) 
is the subgroup of G^ preserving Dn. 

Theorem A. Assume that p{G^) = R is equal to one o/Z„, D„, T, O, I. Then, 
Pvcct is surjective, and 

Pvcct X ci : VectG,(5^x) ^ ^G,(5',x) x H\S^) 
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is injective. More precisely, bundles in p^^^^{W) for each W in Aq {S'^, x) have all 
different Chern classes, and ci(p~gj,t(W)) is equal to { x(id)(/ijfc + fco) | fc G Z } 
where fcg is dependent on W. 

Theorem B. Assume that p{G^) — R is equal to one ofLn x Z with odd n, (— a„) 
with even n/2. For each W in Ao^{S'^,x), its preimage p^j,^j(W) has exactly two 
elements which have the same Chern class. Also, [E(BEi] ^ [E(BE2] for any bundles 
E, El, E2 in VectG^(5'2,x) such that p^ccti[Ei]) = Pvcct([£'2]) and [Ei] ^ [E2]. 

Theorem C. Assume that p{G^) — R for some R of Table [777] which is not equal 
to any group appearing in the above two theorems. Then, Pvoct is an isomorphism. 

Theorem [C] says that isotropy representations at some points classify equivariant 
vector bundles for some i?'s. Comparing to this, Theorem 1X1 [B] might be unsatis- 
factory to some readers because statements on Chern classes, especially feg, are not 
so concrete. To handle this, we show the following: 

Theorem D. Assume that p{G^) — R for some R appearing in Theorem\^ [3 
Then, Vectc (S'^,x) is isomorphic to Vect/j(5^) as semigroups, andYect]i{S^) is 
generated by line bundles. Also, Afi{S^, id) is generated by all the elements with 
one- dimensional entries. The number of such elements is equal to 

\Rs\y-\RN\ «/i? = z„, 

\Ra-i\ X \Rao\ X \Rai\ ifR^ln 

where Rx is the isotropy subgroup at x E S^ and we denote simply by id the trivial 
character of the trivial group. 

In Section [T21 we calculate Chern classes of line bundles in Vectj^(5'^), and from 
this we obtain kg. Also in Section [T51 we explain for the reason why we prove the 
isomorphism of Theorem |D] only for R's appearing in Theorem [X[ IBJ 

This paper is organized as follows. In Section [2j we list all closed subgroups 
of 0(3) up to conjugacy. In Section [31 we give an equivariant simplicial complex 
structure JCr on S^ according to finite R, and investigate equivariance of S^ by cal- 
culating isotropy subgroups at vertices and barycenters of |/C_r|. Section HKJT^ are 
divided into three parts. In Section HHHl we first deal with cases when /C/j = /Ct, 
/Co, fCj. In Section |4l we introduce a new simplicial complex denoted by ICr which 
is just a disjoint union of faces of ICr, and consider \ICn\ as a quotient space of 
the underlying space \JCh\. Also, we consider an equivariant vector bundle over S"^ 
as an equivariant clutching construction of an equivariant vector bundle over \ICii\. 
For this, we define equivariant clutching map. In SectionjSl we investigate relations 
among VectG^(5'^,x), ^Gxl'^'^iX), and homotopy of the set of equivariant clutch- 
ing maps. From these relations, it is shown that our classification in most cases is 
obtained by calculation of the homotopy. In Section |S1 we develop our machinery 
called equivariant pointwise gluing which glues an equivariant vector bundle over a 
finite set through a map called equivariant pointwise clutching map. In calculation 
of the homotopy, equivariant pointwise clutching map plays a key role because an 
equivariant clutching map can be considered as a continuous collection of equivari- 
ant pointwise clutching maps. Here, the concept of representation extension enters 
with which equivariant pointwise gluing is described in the language of representa- 
tion theory. In this way, the homotopy is techniquely related to Ao^{S^,x)j ^^^ 
calculation of it becomes reduced to calculation of a relative (nonequivariant) ho- 
motopy. So, we prove a lemma on relative homotopy in Section [71 In Section |8l we 
prove technical lemmas needed in dealing with equivariant clutching maps through 
equivariant pointwise clutching maps. In Section [51 we prove main theorems for 
cases when ICji = /Ct, /Cq, /Ci- In Section [TUMTTl we second deal with cases when 
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/Cfl ~ ICm for some to G N. In Section [TUl we rewrite what we have done in Section 
m m IHl to be in accordance with ICm ■ In Section [Til '^e prove main theorems for the 
cases when ICr = ICm- In Section [121 we third prove Theorem ICl for cases when R 
is one-dimensional. In Section [131 we prove Theorem iDl Section [14] is the appendix 
on representation extension. 

2. Closed subgroups of 0(3) 

In this section, we hst aU closed subgroups of 0(3) up to conjugacy. In this 
section, the notation x is internal direct product of two subgroups in 0(3). Since 
Z is the centralizer of 0(3), 0(3) = S0(3) x Z and this gives the exact sequence 

O^Z^ 0(3) ^ S0(3) ^ 
where pr |so(3) is the identity map. First, we deal with finite subgroups. 

Proposition 2.1. Let R be a finite subgroup o/0(3) such that R ^ S0(3). 

(1) //pr(i?) is conjugate to Z„, then 

{TLn X Z if n is odd, 

Tin 'x Z or {—an) if n is even. 

(2) //pr(i?) is conjugate toDn, then 

{D„ xZ or (a„,— 6) if n is odd, 

D„ xZ, (a„, —5), 
{—Onjb), or {—an,—b) if n is even. 

(3) //pr(i?) is conjugate to T, then R is conjugate toT x Z. 

(4) //pr(i?) is conjugate to O, then R is conjugate to O x Z or (T, — Oq). 

(5) // pr(-R) is conjugate to I, then R is conjugate to I x Z. 

Proof. We may assume that pr(i?) is equal to one of Z„, D„, T, O, I. Denote by i?iot 
the subgroup -RnS0(3). Then, R^-ot is an index two subgroup of i?. Denoting pr(i?) 
by K, R„ot C K because pr|so(3) is the identity map. Also, since the preimage 
pj:~^{g) of 5 € S0(3) is equal to {g, —g}, it is obtained that R C K x Z. Here are 
two possibilities. First, \i Z = kerpr C R, then \R\ = 1\K\ so that 

(2.1) R = KxZ 

from R C K X Z. Second, ii Z <^ R, then pr |/j is injective and \R\ = \K\ so that 

(2.2) |X| = 2|i?rot| 

because i?rot is an index two subgroup of R. For an element go (z K — i^rot and its 
preimage pi~^{go) = {go, -go}, R is equal to (i?rot,5o) or (i?rot, -go) because K = 
{Rrot,go) is the injective image of R. However, if i? = {R,-ot,go}: then R C SO (3) 
and this contradicts the assumption. So, we obtain 

(2.3) i?=(i?rot,-.<7o). 

In the remaining proof, we apply (|2.ip . (|2.2D . (|2.3p to each possible K. 

li K = In with odd n and Z C R, then R — Zn x Z. li K = Zn with odd n and 
Z <^ R, then K has no index two subgroup so that there exists no possible i?rot in 
K. That is, there exists no such R. Therefore, a proof of (1) for odd n is obtained. 

li K = Zn with even n and Z C R, then i? = Z„ x Z. If if = Z„ with even n 
and Z ^ R, then there is the unique index two subgroup (o^) of K which should 
be equal to R-cat- Since a„ G if — i?iot, R — {Rrot, —dn) = {—an) and this is the 
proof of (1) for even n. 

If K = D„ with odd n and Z d R, then R = Dn xZ. If K = D„ with odd n 
and Z <^ R, then there is the unique index two subgroup Z„ of D„ which should 
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be equal to i?rot- Since b ^ K — i?rot, R ~ {Riot, ^b) = {a.n, —h) and this is a proof 
of (2) for odd n. 

li K = D„ with even n and Z C R, then R = D„ xZ. UK — D„ with even n 
and Z ^ R, then index two subgroups of D„ are Z„, (a^j,6), {af^,anb) which are 
candidates for /Jrot for some R. li i?iot ~ ^n, then R — {Rmt, ~b) — (a„, — &). If 
-Rrot = {an,b), then R = (i?rot,-a„) = (-a„,6). If i?rot = {ai^anb), then i? = 
(i?rot,— On) = {—anjC-nb) = (— a„,— 6). Therefore, a proof of (2) for even n is 
obtained. 

If if = T or I, then it is weh-known that K has no index two subgroup because 
T ^ A4 and I = A5. So, Z <^ R can not happen. Therefore, we obtain a proof for 
(3) and (5). 

If if = O and Z C i?, then i? = O x Z. If iiT = O and Z ^ i?, then T 
is the only index two subgroup of O, so i?rot = T. Since og G O — T, we have 
R = (i?rot! — oo) = (T, — oq), and this is a proof of (4). D D 

In Proposition 12. 11 it can be observed that 

(1) D„ with n = 1 is conjugate to 

(2) (— On, b) with n ~ 2 is conjugate to 

(3) (— a„) with n ~ 2 is conjugate to 

(4) (— a„, —b) with n ~ 2 is conjugate to 

(5) Z„ X Z with n — 2 is conjugate to 
To avoid these repetition, we have put conditions 'n > 1' or '?i > 2' in five i?-cntries 

of Table O 

Second, we deal with closed nonzero-dimensional subgroups of 0(3). 

Proposition 2.2. Let R be a nonzero- dimensional closed subgroup of 0(3) such 
that R'^SO{S). 

(1) i/pr(i?) is conjugate to S0(2), then R is conjugate to the group S0(2) x Z 
= (SO(2),-a2). 

(2) i/pr(i?) is conjugate to 0(2), then R is conjugate to (S0(2), —b) or 0(2) x 
Z. 

(3) If pr{R) is conjugate to S0(3), then R is conjugate to 0(3). 
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1. 



Proof of this is done in a similar way with Proposition 12.11 We have explained 
for i?-cntry of Table [01 Here, we calculate some isotropy subgroups for later use. 



Lemma 2.3. For each one- dimensional R of Table [7771 and its natural action on 
5^, isotropy subgroups RyO and i?^o n Rs are calculated as in Table [K7\ 
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0(2) X Z 
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i-aib) 


(SO(2),-b> 
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(id) 
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(id) 


SO{2) 


(id) 


(id) 



Table 2.1. Isotropy subgroups at v — (1,0,0) for closed one- 
dimensional subgroups of 0(3) 



3. EQUIVARIANT SIMPLICIAL COMPLEX STRUCTURES FOR FINITE SUBGROUPS OF 

0(3) 

Let a finite R of Table [01 act naturally on S^ . In this section, we explain for 
/C/f- and Z? /{-entries of Table [TTTl and investigate equivariance of |/Cfl| by calculating 
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isotropy subgroups at some points. We do these for pr(i?) = Z„, D„, and then for 
pr(i?) = T, O, I. 

First, we define /C„i and its w', e' for m — 1, 2 as promised in Introduction. 
Denote by /Ci the simpHcial complex which is the same with /C4 but has the following 
notations: 

1'° = (1,0,0), 

6(e°) = (-1,0,0), 

[«°, 6(e°)] = [(1,0, 0), (0, 1, 0)] U [(0, 1, 0), (-1, 0, 0)], 

|e°|=P4. 

And, denote by JC2 the simplicial complex which is the same with JC4 but has the 
following notations: 



6(e*) = exp ( 



exp I ni\/—l 

2TT{2i + l)^/^ 



i+l] 



\e^\ = [v\bie^)]U[bie^),v 

for i e Z2. Also, let \JCi\ and I/C2I be equal to I/C4I. Here, we remark that if /C/j = /Ci 
and Dii — |e"| in Table [TTTl then dP and d^ are defined as v'^. So, we have finished 
defining ICm for all natural number m. Similarly, denote by Pm for m = 1,2 the 
regular polygon P4. For reader's convenience, we list all possible i?'s with ICn — /Ci 
or K.2- 



R 


n 


ICr 








D„ 


2 
1 
2 


IC2 
/C2 


D„ xZ, odd n 

{a„, —b), odd n 
Z„ X Z, odd n 


1 
1 
1 


/C2 
/C2 
/C2 


D„ xZ, even n 
{an, —b), even n 


2 
2 


/C2 
/C2 



Table 3.1. Groups with /C 



fl = /Ci or /C2 



Lemma 3.1. There are eight R's in Table [7771 which satisfy pr(i?) = Z„, D„ a77.rf 
/C/j = /Ci, /C2- They are listed in Table [XTl 

Now, we explain for /C/j-entry of Table [LTJ when pr(i?) = Z„, D„ . Denoting by 
TTifl the number |i?|/|i?^o|, we can check that ICr is equal to Kma- Since R ■ v^ is 
equal to the set of vertices of /Cm^ i^i xy-plane, l/C^I and ICr are i?- invariant for 
each R. Here, we calculate R^a. 

Lemma 3.2. For each finite R of Table [TTil such that pr(i?) = Z„, D„, isotropy 



subgroups RyO , R^a n Rs are calculated as in Table 



when R acts naturally on 



n/2 



Proof. By calculation, R^o = (6) for i? = D„ xZ with odd n, and R^o = {—a'n^,b) 
for R = D„ X Z with even n. Other R's are subgroups of one of these two. So, 
RyO — Rn (D„),jO is easily calculated, and from this the group RyO n Rs is also 
obtained. D D 

We calculate other isotropy subgroups. 
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R 


iJ„o 


fi^o n Rs 


Dn, n > 1 


(fe> 


(id) 


z„ 


(id) 


(id) 


Dn xZ, odd n 


{b) 


(id) 


{an, —b), odd n 


(id) 


(id) 


Zn X Z, odd n 


(id) 


(id) 


Dn xZ, even n 


(-a;:/^b) 


{-aTb) 


{an, —b), even n 


(-al^/^fc) 


{-al'^b) 


{—an,b), odd n/2, n > 2 


{-al'\b) 


{-al'^b) 


{—an, b), even n/2 


{b) 


(id) 


(-an,-b>, odd n/2, n > 2 


{-a-J') 


(id) 


{—an, —b), even n/2 


{-a"Jh) 


/ n/2,\ 

(-a„/ b) 


Zn X Z, even n, n > 2 


1 "/2\ 
{-an' ) 


(id) 


{-an), odd n/2, n > 2 


1 'i/2\ 
{-aj ) 


(id) 


{—an), even n/2 


(id) 


(id) 



Table 3.2. Isotropy subgroup at ifi for pr(_R) = Z„ or D„ 



Lemma 3.3. Let R he a finite group in Table flT/l smc/i that pr(i?) = Z„, D„ . 
Isotropy subgroups i?b(eO), Rb(e°) ^Rs, Rx are calculated as in Table [STB where x is 
a point in Pmn - {v\ b{e')\i G Z^^}. 



R 


K.R 


■Ri,(eO) 


Rh{eO)nRs 


H, 


D„, n > 1 


/Cn 


(anb) 


(id) 


(id) 


z„ 


rCn 


(id) 


(id) 


(id) 


Dn xZ, odd n 


K.2n 


(_a(;' + l)/2b) 


(-ak"+^'^^6) 


(id) 


{an, —b), odd n 


K.2n 


(_4^"+l)/2b) 


(-a("+^)/^6) 


(id) 


Zn X Z, odd n 


K.2n 


(id) 


(id) 


(id) 


D„ xZ, even n 


/Cn 


/ 1/2 i\ 
(— a„' ,anb) 


/ n/2 + l,, 

(-a„' b) 


(-an ) 


(a„, —6), even n 


f^n 


1 n/2 + l,> 

(-an o> 


1 n/2 + l,\ 
{-On' b) 


(id) 


{-an,b), odd n/2, n > 2 


'Cn/2 


/ n/2 o , V 

{-an! ,alb) 


1 n/2 + 2,, 

{-an b) 


; "/2\ 
{-aj ) 


{—an, b), even n/2 


/Cn 


1 n/2 + l,\ 

(-a„' b) 


1 n/2+1,, 

{-an b) 


(id) 


{—an, —b), odd n/2, n > 2 


f^n 


1 "/2 j,\ 
(-a„' ,anb) 


I n/2 + 1,, 

{-an b) 


, n/2, 

(-an ) 


{—an,—b), even n/2 


/Cn 


{anb) 


(id) 


(id) 


Zn X Z, even n, n > 2 


/Cn 


1 "/2v 

(-an' ) 


(id) 


, n/2, 

{-an ) 


{-an), odd n/2, n > 2 


'Cn/2 


(-an' ) 


(id) 


1 n/2, 

{-aj ) 


{—an), even n/2 


/Cn 


(id) 


(id) 


(id) 



Table 3.3. Isotropy subgroups for pr(i?) 



Dn 



Proof. Since the i?-action on \lCii\ is simplicial, any element g in Rx fixes the whole 



PmR ■ Therefore, R^ 



(id) or 



"/2\ 



for even n, and it is easy to calculate R^. 



Observing that Rb(e°) is isomorphic to a subgroup of Z2 XZ2 and that R^ C Rue") 
and Ri,i^o\/Rx = (id) or Z2, we can calculate Ri,uo\ case by case. D D 

Remark 3.4. In the cases of (a„, —h) with odd n and (— a„, —h) with odd n/2, it is 
observed that |i?„o| > |i?;,(gO)|, so R does not act transitively on 6(e')'s. And, in the 



case of (— a„, —b) with odd n/2, we additionally calculate Rb(e^) 
Here, we explain for Dj^. 



1/2 



alb). D 



Lemma 3.5. For each finite R of Table \n\ such that pr(i?) = Z„, D„, the R-orbit 
of the Dn-entry in Table [Ll\ covers Pmm and Dr is a minimal path satisfying such 
a property. So, any interior point x of Dn is not moved to other point in Dr by R. 
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Proof. First, observe that |i?„o| — |i?b(eO)| if and only if R acts transitively on 
&(e')'s because R acts transitively on u*'s and \JCii\ has the same number of u"s 
and 5(e*)'s. And, R acts transitively on 6(e*)'s if and only if the i?-orbit of |e°| 
cover Pmii- By Table 15^ and 13.31 |i?i,o| = |-Rb(eO)| except two cases (a„,— 6) with 
odd n and {—an,—b) with odd n/2. If |i?^o| = \Rb{eO)\ and Rb{eO)/Rx — ^2, then 
[v°,b{e^)] can be moved to [6(e°),u^] by R so that the i?-orbit of [v°,b{e°)] covers 
Pmii- In the other side, if \Ryo\ — |i?ft(eO)| and Rb{eO) = Rx, then the i?-orbit of 
[v^,h{e^)] does not cover PmR- If |^i;o| < 1-^6(60)17 then the i?-orbit of |e°| does 
not cover PmR because R does not act transitively on 6(e')'s, but the i?-orbit 
of [6(e°),w-^] U [w^,6(e^)] covers Pmn because R acts transitively on u*'s. So, the 
remaining of proof is done by comparing Table [3?^ with Table 15751 D D 



Now, we repeat these arguments for i?'s satisfying pr(i?) = T, 0,1. 

Lemma 3.6. For each finite R of Table [7771 such that pr(i?) — T.O,I, |/Cfl| is 
R-invariant. And, R act transitively on vertices, edges, faces of ICr, respectively. 

Remark 3.7. For later use, we need understand the case of _R = T x Z because it 
is not equal to the full symmetry of \ICr\ — |/Co|. In this case, Ri,(f-i) is equal to 
Tf,(/-i) = Z3. Also, — a|, — a|5 are in T x Z because b, a\ G T. Here, — a|, —a\b are 
reflections through the xy-plane, xz-plane, respectively. D 

Lemma 3.8. For each finite R of Table [7771 such that pr(i?) = T, O, I, isotropy 
subgroups R^o , Ryf.o\, R^ are in Table ^K^ where x is an interior point of [u°, bieP)] . 
In the table, the notation = is used when an isotropy subgroup is not equal to 
Z„ ~ (a„) or D„ — (a„, b) for some n but isomorphic to one of them. 



Lemma 3.9. For each finite R of Table [7771 .such that pr(_R) = T, O, I, the R-orbit 

-(1) 

-R 



of the Dn-entry in Table [7771 covers |/C/j |, and Dji is a minimal path satisfying 



such a property. 

We summarize all results of Section [21 [3| in Table [57^ so that it will be repeatedly 
referred. In Table 13.41 Rd-^ is also calculated. In Section [51 [Til we need the 
following lemma on isotropy subgroups: 

Lemma 3.10. For each finite R of Table [7771 such that R ^ Z„, (a„, —6) for any 
n, isotropy subgroups Rji 's satisfy 

(1) Rd-inRd^ = %-i,d.] and [d-\d'] C |/CflJ^^-in«<^- for i e I, 

(2) Rdo n Rdi = Rdr and Dr C |/Cfl|«<"'nfl,i 

where Rx for a subset X of {ICrI is the subgroup of R fixing X. 

Proof. For the natural i?-action on 5^ and two points x =^ ±x' of S*^ , we have 

(*) RxnRx'=Rc and C = (52)«-n«-' 

where C is the great circle containing x and x' . From this, we easily obtain proof 
for cases when ICr = /Ct, /Cq, ICi, or JCm with m > 3. Then, there are remaining 8 
cases by Lemma l3.1l Four cases of these are Z„ or (a„, ~b) for some n so that four 
cases are remaining. We can apply (*) to three of remaining four. The remaining 
case is Z„ X Z with n = 1. Proof for this is easy. D D 

4. Equivariant clutching construction 

Let a compact Lie group G^ act linearly (not necessarily effectively) on S'^ 
through a representation p : G^ ^ 0(3). Assume that p{G^) — R for some fi- 
nite R in Table [O] In the below, our treatment is different according to R. First, 
we deal with cases when pr(i?) = T, O, I in Section |3H51 In a similar way, we deal 
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R 


ICr 


£»fl 


/?,„o 


-Rb(eO) 


iJ. 


^d-1 


D„, n > 1 


/Cn 


b",b(e")] 


(b) 


(a„6) 


(id) 


In 


z„ 


rCn 


|eO| 


(id) 


(id) 


(id) 


In 


D„ xZ, odd n 


^2n 


K,6(eO)] 


(b> 


(-aJr+^'/'b) 


(id) 


{an,-b) 


{a„, —b), odd n 


^2n 


[6(eO),b(ei)] 


(id) 


(-atr+i'/^b) 


(id) 


{an,-b) 


Z„ X Z, odd n 


fC2n 


|eO| 


(id) 


(id) 


(id) 


^n 


D„ xZ, even n 


/Cn 


bO,b(eO)] 


{-aZ^'\b) 


(-a;;/',a„fe) 


/ "/2\ 

{-a.„ ) 


{an,-b) 


(an, —b), even n 


iCn 


[^,0,6(eO)] 


1 "/2,\ 
(-a„' b) 


/ n/2 + l,\ 

(-a,/ 6) 


(id) 


{an,-b) 


{—an,b), odd n/2, n > 2 


f^n/2 


|eO| 


(-«„/ ,b) 


/ n/2 , \ 

(-a„' ,a^,6) 


{~a„' ) 


{al,-anb) 


(—an, 6), even n/2 


/Cn 


[t,0,b(e")] 


(b) 


, n/2+1,, 
(-a,i fc) 


(id) 


{ai,-anb) 


(— a„, —b), odd n/2, n > 2 


/Cn 


[6(eO),6(ei)] 


I n/2. 


/ "/2 j,\ 
(-a„' ,a„b) 


/ "/2\ 
{-a.„ ) 


{al,~b) 


{—an, —b), even n/2 


iCn 


K,fe(eO)] 


{-aj b) 


(a„b) 


(id) 


{al,-b) 


Z„ X Z, even n, n > 2 


/Cn 


|eO| 


1 "/2v 
{-aj ) 


, n/2, 

(-an' ) 


{-a„' ) 


In 


(-a„>, odd n/2, n > 2 


^n/2 


\eO\ 


1 "/2v 
{-a-n! ) 


, n/2. 


/ "/2\ 
(-a„' ) 


(4> 


{—a„), even n/2 


iCn 


\eO\ 


(id) 


(id) 


(id) 


{al) 


T 


/Ct 


K,6(e")] 


= Z3 


= Z2 


(id) 


= 1z 


O 


/Co 


bO,6(eO)] 


S Z4 


= 12 


(id) 


= 1z 


I 


/Ci 


bO,6(eO)] 


= Z5 


= Z2 


(id) 


= 1-i 


(T, -oo> 


/Ct 


K,fe(e")] 


SD3 


= Z2 X Z2 


= Z2 


^D3 


T X Z 


/Co 


|eO| 


(-«i6) 


(-al> 


(-4) 


sZa 


O X Z 


/Co 


bO,b(eO)] 


SD4 


= Z2 X Z2 


SZ2 


^Da 


I X Z 


^i 


K,6(eO)] 


= D5 


= Z2 X Z2 


^^2 


= D3 


0(3) 














0(2) X Z 




{.0} 


(fc.-aa) 






(SO(2),-6) 


{SO(2), -b) 




{vO} 


(-azfe) 






(S0(2), -b) 


(SO(2),-a2) 




W'} 


(-aa) 






SO(2) 


SO(3) 














0{2) 




W'} 


(b) 






SO(2) 


SO(2) 




K} 


(id) 






SO(2) 



Table 3.4. JCii,Dii, and isotropy subgroups 



with cases when pr(i?) — Z„, D„ m Section [TUKfTT] Then, cases of one-dimensional 
i?'s are deah with. 

Assume that pr(i?) = T, 0,1. Let JCr be the simphcial complex Uf^/Cnf, i-e. 
the disjoint union of faces of ICr. In this section, we would consider |/Cfl| as the 
quotient of the underlying space \ICr\ — n/gytCfil/l- And, we would consider an 
equivariant vector bundle over \)Cr\ as an equivariant clutching construction of an 
equivariant vector bundle over \ICr\. For this, we would define equivariant clutching 
map and its generalization preclutching map. And, we state equivalent conditions 
under which a preclutching map is an equivariant clutching map. Before these, we 
need introduce notations on some relevant simplicial complices. Since we should 
deal with various cases at the same time, these notations are necessary. Examples 
of the notations arc illustrated in Figure 14.11 and Figure 14.21 

First, we define some notations on ICr and ICr. We denote simply by tt, [ttJ 
natural quotient maps from ICr, \ICr\ to ICr, \ICr\, respectively. By definition, 
|7r| |,| is bijective for each face / £ ICr. From this, the G^^-actions on ICr, \ICr\ 

induce G^^-actions on ICr, \ICr\ so that tt, |7r| are equivariant, respectively. We use 
notations v, e, f to denote a vertex, an edge, a face of ICr, respectively. We use the 
notation x to denote an arbitrary point of |^^ |. When v, e, f, x are understood, 
we use notations v,e,f,x to denote images 7r(w), 7r(e), 7r(/), |7r|(a;), respectively. 
Denote by f~^, p faces o^ICr, such that 7r(/~^) = f'^ and 7r(/*) = p, and denote 
by w', e* simplices of /^^ such that 7r(w*) = v"^ and 7r(?) = e*. And, denote by cP , 
d^ points of |/~^| such that IttKc?) = dP and |7r|(J^) = d^ , and denote by Dr the 
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(a) /Ct near ii" seen from above 



(b) /Ct near {d? \ j & '. 




(c) Ct near {f)0^ | j G 



-1+ 'I 



Figure 4.1. Relation between JCr, JCu, Cr in the case when 
ICr = ICt and jn = 3 



path \Tr\^^{Dii) n |/~^|, i.e. Dji = [(?*,(?]. Define the integer jfi as the cardinahty 
of 7r^^(w') for i G Z3, i.e. j'^ = 3, 4, 5 according to K-u ~ ICt, JCq, JCi, respectively. 
Let B be the subset { b{f) \ f G JCr } of \K,b\ on which R (and G^) acts transitively 
by Lemma 15^ and B is often confused with |7r|(_B) = { h{f) \ f e ICr }. So far, we 
have defined superscript i for simplices in ICr. Next, we define Xj with subscript j 

for any point x of 1^^. |. 
Notation 4.1. 

(1) For a vertex v in K.)^ and u = 7r(w), we label vertices in 7r^^(ti) with Wj to 
satisfy 

i) 7r-i(w) = {i;j I j e Zj^}, 
ii) vo = w, 

iii) in each face \fj\ containing Vj for j £ Zj^, we can take a small neigh- 
borhood Uj oivj so that |7r|([/j)'s are arranged in the counterclockwise 
way around v. 

(2) For a non- vertex x in \ICr \ and a; = |7r|(a;), we label two points in |7r|~^(a;) 
with {xj I j G Z2} to satisfy xq — x. 
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For simplicity, we denote (w*)j, (cf )j by w], dp respectively. 

We need introduce two more simplicial complices. Denote by Cr and Cr the 
1-skeleton ICj^ oi ICr and the disjoint union U^g^Cn ^j respectively. Then, Cr is a 
subcomplex of JCr, and can be regarded as a quotient of Cr. These relations are 
expressed by two natural simplicial maps 

i^: Cr^ Kr, Pi : Cr~^ Cr 

where i^ is the inclusion and p^ is the quotient map whose preimage of each vertex 
and edge of Cr consists of two vertices and one edge of Cr, respectively. Two maps 
on underlying spaces are denoted by 

*|£| : \^r\ ^ l^flL P\C\ ■ \^r\ -^ \^r\- 
The G^-actions on ICr, \JCr\ naturally induce G^-actions on these relevant simpli- 
cial complices Cr, Cr and their underlying spaces. We need introduce notations 
on simplices of Cr and points of \Cr\. We use notations v and e to denote a vertex 
and an edge of Cr, respectively. And, we use the notation x to denote an arbitrary 
point in \Cr\. When v, e, x are understood, we use notations v, e, x to denote 
Pci^)^ Pci^)^ -P|£|(^)i respectively. Two edges e,e' of Cr (and their images e, e' in 
Cr) are called adjacent if e 7^ e' and T^ipcie)) — T^iPci^'))- And, two faces /, /' of 
]Cr are called adjacent if their images /, /' are adjacent. 

Next, we introduce superscript i and subscripts +, — for vertices and edges of 
Cr. Before it, we introduce a simplicial map. Let c : Cr — > Cr be the simplicial 
map whose underlying space map \c\ : \Cr\ — > \Cr\ is defined as 

for any adjacent e, e' S Cr, each point x in |e| is sent to the point \c\{x) in 
|e'| to satisfy |7r|(p|£|(£)) = k\ip\c\{c{x))). 

For example, e and c(e) are adjacent for any edge e in Cr. Easily, c and \c\ are 
G^-equi variant. For notational simplicity, we define c also on edges of Cr to satisfy 
c(P£(e)) = Pc{c{e)) for each edge e. 
Notation 4.2. 

(1) For a vertex v in Cr, we label two vertices in p~^ (v) with v± to satisfy 

Pc{c{v+)) = vi and Pcici^-)) = w-i = Wj„-i- 

(2) For a non-vertex x in \Cr\, we label the point in p~^. (x) with x^ or x-, i.e. 
a;+ = x_. 

For simplicity, denote x± for x — v^,Vj,d^, J^ by v±. , Vj±. , d!,. , d* _|_ , respectively. 
So, if d* is a barycenter of an edge, then (i!|_ — d^_. And, denote by e* the edge in 
Cr such that ^^(e') = e' for i G Z3. 

Until now, we have finished introducing notations in Figure WTH By using these 
notations, we introduce one-dimensional fundamental domain in \Cr\. For Dr = 
[dP,d^] C \JCr\, we define Dr in \Cr\ as [d'j^jdL] so that P\c\{Dr) = Dr. And, 
denote by I)r the set (|7r| °P\c\)^^{Dr) in \Cr\ which is equal to 

[dl,dl] U \c\{[dl,dl]) U ( U (nop^y^v)). 

v£Dr 

The union of thick points and edges of Figure l¥^ (b) is D^ in the case oi R = TxZ. 
For convenience in calculation, we parameterize each edge of \Cr\ linearly by 
s e [0, 1] to satisfy 

(1) v+ = 0, V- = 1, 6(e) = 1/2 for each vertex v of JCr and each edge e of Cr, 

(2) \c\[s) = 1 — s for each edge e of Cr, and s S |e|. 
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(a) /Co 





c(eO) 



"2,+ 





-u 



c(e^) 






(b) Cb near D^ 




c(el) 



Figure 4.2. £/? and D^; in the case when R^T x Z, JCr = /Co, 
Dr - |eO| 



We repeatedly use this parametrization. 

Now, we describe an equivariant vector bundle over |/Cfl| as an equivariant clutch- 
ing construction of an equivariant vector bundle over \ICr\. Let Vb be a G^-vector 
bundle over B such that (res^*^ ^b)|6(/) is x-isotypical at each b{f) in B. If we de- 



note by Vf the isotropy representation of Vb at each 6(/), then Vb — G^ x 



(G, 



.V'f 



(G ) 

because G^ acts transitively on B. And, res^ ^ ''*^' W's are all isomorphic because 
they are all x-isotypical. We define Vectc {\JCb], x)vb ^^ t^^ set 



{ [E]eVectGj\JCR\,x) I E\b = Vb }. 



Similarly, VectG^(|/Cfl|,x)v^ is defined. Observe that VectG;^,(|/Cfl|,x)vB has the 
unique element [Fy^] for the bundle Fy^ = G^ ^{Gx) -i (l/^^l ^ ^/-O because 



EQUIVARIANT VECTOR BUNDLES OVER TWO-SPHERE 15 

l^^l = G^ XtQ \ __j l/^^l is equivariant homotopically equivalent to B. Hence- 
forward, we use trivializations 

for each face / and edge e € /. Observe that each E g VectG^(|/Cfl,|, x)vb can be 
constructed by gluing the pull-back bundle |7r|*£^ along edges. Let us describe this 
more precisely. Let |7r| be the bundle morphism covering \t:\ 

M*E -^ E 



\iCR\ -^ \lCn\. 

Consider the following equivalence relation ^ on vectors of |7r|*_E : 

for any two u, u' in |7r|*_E, w '-^ u' if and only if |7r|(u) = |7r|(u'). 

Since |7r| is equivariant, the quotient \'n\*E/ ~ of \'n\*E through the relation delivers 
the equivariant vector bundle structure inherited from |7r|*ii^. Here, note that it 
suffices to define the relation only on vectors in |7r|*£'||^ , to define the quotient 
which is trivially isomorphic to E. We call the construction of the bundle \tt\*E/ ^ 
equivariant clutching construction. Since Fv^ = \t^\*E for any E, we may rewrite 
the construction by using Fvg instead of |7r|*_E. Pick an equivariant isomorphism 
A : Fvb -^ Kl*-E'- Then, the relation ^ induces the following equivalence relation 
~' on vectors of Fy^ : 

for any two u, u' in Fv^ , u ^' u' if and only if A{u) ^ A(u'). 

Then, the quotient Fvg/ ^' delivers the equivariant vector bundle structure in- 
herited from iVfii and trivially [Evg/ ~') = E. Let us describe the relation on 
vectors in -FVbL^ , more precisely. By using trivialization (|4.ip of Fyg, the quo- 
tient Fvb/ '^' can be also constructed by gluing Fy^ along edges through 

(4.2) \e\xVf-^\c{e)\xVp, ( p|£|(i), u ) ^^ ( p|£| (|c|(x)), (^e(i) u ) 

via some continuous maps 

for each edge e, i € |e|, w G V^ where e = P£(e) and e G /, c(e) G /'. Here, the 
notation Iso with no subscript means the set of nonequivariant isomorphisms. The 
union $ = IJgg^ ^Pe is called an equivariant clutching map oi E with respect to Vb- 
The relation '-^' on vectors in Fvb\\Cr\ i^ defined by $, and the quotient Fv^ / ~' is 
denoted by Fvg/^- And, the equivariant vector bundle Fvg/^ is called determined 
by $ with respect to Vb- When we use the phrase 'with respect to Vb\ it is assumed 
that we use the bundle Fy^ and its trivialization (|4.ip in gluing. Equivariance of 
1 77 1 and A guarantees equivariance of $, i.e. 

{g ■ $)(x) = g'^{g-^x)g~^ = $(x) 

for all g G G^,x G |>C_r|. We denote by p$ the quotient map from Fvg to Fyg/$. 
Here, note that $ is defined on \£r\. That is why we define Cr. Sometimes, we 
regard $ as the map 

P\c\^^B ~^P\c\Pvb, {S:,u) ^-> (|c|(x),$(x)m) 
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by using trivialization (j4.ip for each {x,u) e |e| x Vt where e £ f. An equivariant 
clutching map of some bundle in VectG'^(|/C_R|,x)vB with respect to Vb is called 
simply an equivariant clutching map with respect to Vb, and let flvs be the set of all 
equivariant clutching maps with respect to Vb ■ In the next section, we will see that 
we need calculate the (nonequivariant) homotopy tto{^Vb) to classify equivariant 
vector bundles. To do it, we need to restrict an equivariant clutching map in ^Ivb 
to Dn. We explain for this. Let Jl^ y be the set 

If two equivariant clutching maps coincide on Dji, then they are identical by equiv- 
ariance and definition of one-dimensional fundamental domain. So, the restric- 
tion map ^Vb ^^ ^D V T ^ *^ ^\f) is bijective, and we obtain a bijection 
7ro(r2vg) = t:q{D,j^ y ) between two homotopies. It is conceivable that it is easier 
to deal with flj^ y than flvg because of smaller domain of definition. This is 
why we restrict an equivariant clutching map to Dr. We call a map $ in ^Ivb the 
extension of ^l^,^ in fi^ y^. And, denote the bundle Fvb/^ also by Fvb/ ^\db: 
Next, we define preclutching map, a generalization of equivariant clutching map. 
Let C°(|£ij|, Vb) be the set of continuous functions $ on \Cji\ satisfying $||e|(x) S 
lso{Vjr,Vp) for each e and x & \e\ where e € /, c(e) € /'. Note that we can 

define the quotient Fyg/^ also for any $ £ C°(|£_r|, Vb) as we have done in (14. 2|) 
though Fy^/^ need not deliver a suitable equivariant vector bundle structure or 
even nonequivariant vector bundle structure. Let C'^(-Dj?, Vb) be the set 



{<i>b^ |$gC"(|£fl|,VB) }. 



A function $ in C^d^Ci,;!, Vb) or a function $^ in C^{Dfi, Vb) is called a preclutch- 
ing map with respect to Vb . Then, it is a natural question under which conditions a 
preclutching map becomes an equivariant clutching map. We can answer this ques- 
tion for a preclutching map in C'^(|£_r,|, Vb). A preclutching map $ in C°(|£fl|, Vb) 
is an equivariant clutching map with respect to Vb if and only if it satisfies the 
following conditions: 

Nl. $(|c|(x)) = $(i)-i for each x G \CrI 
N2. For each vertex v £ JCr, 

*(%R-i.+) • • • ^(«j,+) • • • *(«o,+) = id 
for i £ Zj^ , 
El. ^{gx) = g^{x)g~^ for each x £ |£_R,|,g £ G^. 

We explain for this more precisely. As a slight generalization of the classical result 
\M\ p. 20, 21], if $ satisfies Condition Nl., N2., then the quotient Fvb/^ becomes 
a nonequivariant vector bundle though it need not be an equivariant vector bundle. 
Moreover, if $ also satisfies Condition El., then Fy^/^ becomes an equivariant 
vector bundle so that $ is an equivariant clutching map with respect to Vb- We 
will answer the same question for a preclutching map in C^^Dn, Vb) in Section [S] 

5. Relations among VectG^{S^,x)vB, Ag^{S^,x), M^Vb) 
In this section, we investigate relations among 

YectG^{S\x)vB, AG^iS^,x), M^Vb)- 

Our classification of the paper is based on these relations. Before it, we state 
two basic facts on equivariant vector bundles. First, two equivariantly homotopic 
equivariant clutching maps give isomorphic equivariant vector bundles. 
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Lemma 5.1. For two maps $ and $' in flvsi tf^ '^i^d $' are homotopic in flvsj 
I.e. [$] = [$'] m^o(^yB), then [Fy^/$] = {Fv^I'^'\ in VectcJ^^^ x)^^. 

Proof. This is a slight generahzation of the classical result [At I Lemma 1.4.6. and 
Section 1.6.]. So, we omit the proof. D D 

Lemma [01 gives a sufficient condition for isomorphism. Sometimes, we need an 
equivalent condition. When we consider a map in flvs ^^ defined on p*^.Fvb, we 
have the following equivalent condition: 

Lemma 5.2. For any ^ and ^' inflvg, [Fvg/^] = [-Fvb/$'] inYectG^iS^,x)vB 
if and only if there is a G ^-isomorphism Q : Fy^ -^ Fy^ such that (pf^.Oj^ = 

^'(pf^.Q) where pt^i^ ■ P'\c\-^'^b ~^ P'\c\-^^b ^^ the pull-hack of 8. 

P\c\Pvb ^ P*\c\^Vb 

* 771 I -^ I . :+; 7~1 

P\CfVB > P\cfVB 

Proof. This is also a slight generalization of the classical result |At[ p. 22, (ii) and 
Section 1.6.]. First, we prove sufficiency. Let A : Fyg/<^ — )• Fvb/^' be a G^- 
isoniorphism. Then, we can show that there exists the G^^-isomorphism A : Fy^ — >■ 
Fyg satisfying the following commutative diagram 

Fvb — ' — > Fvb 

(5.1) Ip* Ip^.' 

FyJ^ -^^^ FyJ^'. 

From this, {p*^^A)(^ = <^'[p*^^,A) is obtained. 

Next, we prove necessity. If we put A — <d, there exists the unique G^- 
isomorphism A satisfying (j5.ip by the assumption. So, we obtain a proof. D D 

Consider the map zo : 7ro(0yg) — >• VectG^(S'^,x)vB mapping [$] to [i^y^/^]. 
This is well-defined by Lemma 15.11 and also surjective because each bundle in 
Vectc^ {S"^ , x)vb can be considered as an equivariant clutching construction. Then, 
the map pn ■ Tro{flyg ) — ?> Aq^ (S'^, x) defined as pn — Pvoct°«r2 satisfies the following 
diagram: 

(5.2) T,^(^ny,)^IL^YectG,{S^x)vB ■ 

Pvoct 

Let p^u : r^Ve ~^ 7ro(ri\/g) be the natural quotient map. For different elements in 
^G (5'^, x)j their preimages through (psioPttq)"^ do not intersect each other so that 
we obtain a decomposition of fly^ . We describe this decomposition more precisely. 
For each {Wd.)iei+ e Ag^{S^,x), Put 

Vb - G^ X(G,)^_, W^-., Fy, = G^ X(G,)^_, {\f-'\ X M/,-0, 

and by using these define fl(w i) + as the subset {pn °PTro)~^((W^rf»)ie/+) of ^Vb- 
Henceforward, we will use these Vb and Fy^ whenever we deal with fl^yy .). , . 




18 MIN KYU KIM 

Then, given a bundle Vb, the set Qvb is equal to the disjoint union 

U ^(l^d0.e/+- 

(W^^)^eI+<^^O^iS^,X) with W^-l=Vj-l 

Since ^Vb ^^^ ^d v ^'^'^ ™ one-to-one correspondence, we may consider in, pn, 
p^o as defined also on -KQiVLf^^y^), 7ro(f7£,^ y^), ^f^^y^, respectively. So, if we 
define ^£,^_(vf^,)^^^_^ as the subset [p'a o P7ro)"^((W^dOiG/+) of ^Dh.Vb' then we 
obtain the decomposition of J7^ y 

(M'd0iej+6'4G^(S2,x) with W^_i=Vj,_i 

From this decomposition, it suffices to focus on 17^ {w ■) ^^ understand 17^ y . 
Now, we state a classification result. 

Proposition 5.3. (1) Assume that 7ro(r2j=, iw -^ ^ is nonempty and ci : 

'^o(^Dh,{w^,),^i+^ ^ -ff^(52), [$£,^] ^ ci{Fvb/ $£,„) is injective for each 
(Wrfi)ig/+ in Ag [S'^). Then, Pvcct is surjective, and 

Pvcct X ci : VectG,(5^x) ^ ^G,(^',x) x ff'C^^) 

is injective. 
(2) Assume t/iaf 7ro(i7j=, fw ) ) (consists of exactly one element for each 

(Wrfi)ig/+ in Aq (S'^,x)- Then, Pvcct *s o-'n isomorphism. 

Proof. We prove only (1), and (2) is easier. Surjectivity of pvcct is trivial by assump- 
tion. For arbitrary [E] ^ [E'] in Vectc^ [S"^ , x), if Pvect([^]) ^ P^^ct{[E']), then there 
is nothing to prove. Assume that two elements [E] ^ [£"] in the set VectG^(S'^,x) 
satisfy Pvect([£']) = pvect([^']) = (W^dOie/+ for some {Wa^)ieI+■ Then, it suffices 
to show ci{E) 7^ ci(£") to prove injectivity. Put Vb — G^ ^{G^} _i Wd-^- Then, 
E\b — E'\b —Vb because their isotropy representations at d"^ are all W^-i. That 
is, [E] and [E'] are in VectG^(5'^, x)vb- Since «n is surjective, E = Fvg/^ and 
E' ^ Fvb/^' for some $ and $' in ^Vb^ especially in il(^w i). +■ By Lemma TS. 11 
[$] ^ [$'] in ^0(^(^,0.,,+ ) because [£;] ^ [£;']. So, ci(Fyi]/$j ^ ci(^y,/$') by 
assumption. Therefore, we obtain a proof for injectivity. D D 

By this lemma, we only have to calculate ttqITIj^ (w -) ) fo classify equivari- 
ant vector bundles in many cases. In fact, we can apply this lemma except the case 
when R — p(G^) is equal to Z„ x Z with odd n or (— a„) with even n/2 as we shall 
see in Section [11] When we can not apply this lemma, we should apply Lemma [5?2l 
directly. 

6. Equivariant pointwise clutching map 

Let $ be an equivariant clutching map determining E in Vectc {S'^,x)vbi i-^- 
the map $ glues Fvb along \Cr\ to give E. Let us investigate this gluing process 
pointwisely. For each x £ \Cji\ and x — |7r|(a;), let x = 7r~-^(a;) = {xj\j £ Z^} for 
some m. Then, the map <& glues the (G^)2;-bundle (res, J > -F^Vb) [^ along x to give 
the (G;^)2;-representation E^, and we call this process equivariant pointwise gluing. 
Here, note that {G^)xj < {Gx)x for each j £ Z„j and 

(6.1) Tes\^l]:^E,9^{Fy,h^ 

by equivariance of $. In dealing with equivariant clutching maps, technical difficul- 
ties occur in equivariant pointwise gluings because gluing by $ can be considered 
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as just a continuous collection of equivariant pointwise gluings at points in \Cii\. 
In this section, we prove results on equivariant pointwise gluing. To deal with 
equivariant pointwise gluing, we need the concept of representation extension. For 
compact Lie groups Ni < N2, let 14^2 be an 7V2-representation and Wi be an TVi- 
representation. Then, W2 is called a representation extension or an N2- extension 
of Wi if res^^ W2 = W\. For example, Er^ is an (G'p^)j;-extension of (Fvb)x- for each 
j e Z,„ by ((Fl|) . And, let extj^J Wx be the set 

{W2 € Rep(iV2) I resj^J W2 = Wi}. 

Let us investigate equivariant pointwise gluings more precisely under a little bit 
general setting. Let a compact Lie group N2 act on a finite set x = {xj\ j G Z^} 
for m > 2, and let A'o and iVi be the kernel of the action and the isotropy subgroup 
(-^2)201 respectively. Let F be an iV2-vector bundle over x. Consider an arbitrary 
map 

tp -.x^ Ujez™ Iso(Fg^. , Fs^+i ) 

such that '(/'(ij) £ lso{Fx ■ , F^ ■ ^-^) . Gall such a, map pointwise preclutching map with. 
respect to F. By using ip, we glue Fj.'s, i.e. a vector u in F^ is identified with 
tp{xj)u in Fx ^1 for each j. Let F/ip be the quotient of F through this identification, 
and let p^ : F ^> F/ip be the quotient map. Let i^ : F^^ — >■ F/^p be the composition 
of the natural injection i^o '■ F^g — > F and the quotient map p^. 



(6.2) F^, —^ F 




We would find conditions on ip under which the quotient F/ip inherits an 7V2- 
representation structure from F and the map i^ becomes an A^i -isomorphism from 
FxQ to reSjY^(F/ ■(/;). For notational simplicity, denote 

tpixj,) ■ ■ ■ i:{xj+i)i:{xj)u 

by ip^ ~^^^u for u G F^- and j < j' in Z. 

Lemma 6.1. For a pointwise preclutching map ip with respect to F, the quotient 
F/^ carries an N2-representation structure so that p^, is N2- equivariant and i^ is 
an Ni -isomorphism if and only if the following conditions hold : 

(1) V™ = id in Iso(i^j.) for each j e Z,„. 5*0, tp'^ is well-defined for all k £ Z^. 

(2) ^J3-Ji = gij;{xj^)g~^ in F^-^ for each ji e Z„t, g e N2 when g~^Xj^ = Xj^ 
and gxj^+i = Xj^ for some J2,J3 e Z^. 

Proof. To begin with, it is obvious that i^ is surjective. And, note that i^ is 
injective if and only if Condition (1) holds. 

Next, we show that F/^ carries an 7V2-representation structure such that p^ is 
equivariant if and only if Condition (2) holds. The possible group action on F/tp 
to guarantee equivariance of p.0 is as follows: 

g ■u=p^{gu) 

for each g g N2,u S F/^,u e p~^{u). This is well-defined if and only ii p^{gu) = 
p^{gip''{u)) for each I e Z, i.e. ip^gu = gip^u for some k. Putting v! = gw, this can 
be written as ip^v! = gip''g~^u'. Since gip^g~'^ = (ffV'S"^)'; this holds for each I if 
and only if it holds for ^ = 1, i.e. Condition (2). This gives a proof. D D 
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A pointwise preclutching map satisfying (1), (2) of Lemma I5TT] is called an equi- 
variant pointwise clutching map with respect to F. Let A be the set of all equivariant 
pointwise clutching maps with respect to F, and we topologize A with the subspace 
topology of riiiEZ Iso(Fs^. , Fxj^-^). An A^2-representation W is called determined by 
ip ^ A with respect to F ii W = F/tp. In the next corollary, we can see that repre- 
sentation extension is related to equivariant pointwise clutching map and especially 
guarantees nonemptiness of A. 

Corollary 6.2. For an N2-extension W of F^g, assume that there exists an N2- 
morphism p : F ^ W such that p|i?- . is a nonequivariant isomorphism for each j € 

lijn- Let ijj be the pointwise preclutching map defined by tpixj) = (pIf^ . )~^ ° (pIfs . ) 
for j G Z.,„. Then, ip is in A, and there is an N2-isomorphism i : W ^ F/ip such 
that p^i, — to p, i. e. ip determines W with respect to F. Especially, A is nonempty. 

Proof. Easy check. D D 

To calculate 7ro(rivB) later, we need to understand topology of A. For this, we 
would consider F/tp as an additional structure over the fixed F.^^ for each ip ^ A 
as follows: 

Lemma 6.3. Define a operation *.0 of N2 on F^g as g-k^u — zT p.^{gu) for ip £ A, 
g G N2, u G Fjq. Then, 

(1) Tk-^ is an N2-action on Fx„ such that i^ : (-Fsq,*^) — > F/tp is an N2- 
isomorphism. 

(2) g -k^ u = tp"^^^ gu — gip'^u when gxQ = Xj and gxk = xq. Especially, 
g^^u = gu for g & Ni. 

Henceforth, we consider F/tp as (-Fsq,*^). 

Proof. To prove (1), we show that i^{g •^ u) = g ■ i^{u) for each g £ N2, u £ F^g 
as follows: 

i^ {g •^ u) = i^ {i:^ ^p^ (5w) ) = Pi> (gu) , 
g-i^{u) ^ g-p^{u) ^p^{gu). 

Since F/tp already delivers an Af2-action and z^ is bijective, this shows that *^ is 
an action. Therefore, we prove (1). 

Next, we prove (2). Note that ^^''^Pi/jIfj, is an identity. Using this, 

g*i,u = i'Pp^p^{gu) = «J^V^(V'™~^5w) = tp'^'^gu. 

Also, tp"^~^ gu = gtp'^u by Lemma [01 f2). Therefore, we prove (2). D D 

To obtain more precise results on A, we assume that the Af2-bundlc F over x 
satisfies one of the following two conditions: 

Fl. N2 fixes X — {xj I j G Z„i} with to = 2, and F^g = F^-^, 
F2. N2 acts transitively on x = {xj \ j G Z„i} with to > 2. 

These conditions are not too restrictive as the following example shows: 

Example 6.1. Given the bundle Fvg over \ICr\ of Section 21 let x ~ 7r^^(a::) = 
{xj I j G Z„j} for each x G \Cr\, x — \tt\{x), some to > 2. Put N2 — {G^)x and 
F — (res.g N Fy^)l . By Table [nUl and definition of Fvg, we can check that F 
satisfies Condition Fl. or F2. according to x. Given a map $ in VLvb , we can define 
a map ip in A as follows: 

(1) if a; is a vertex, then ip^ixj) — <i>(ij^-(-) for each j G Z^^, 

(2) if X is not a vertex and x — p\n {x), then 

V'(xo) = <i>(i) and ip{xi) = ^{\c\{x)). 
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Then, we have F/%1) = (-^Vb I^) fo^ each x. D 

Let A' be the set 

{V'(a;j) I V' e ^}, 

and let A''^ be the set 

In the below, it will be witnessed that A is homeomorphic to A-' or A-''-' in many 
cases. 

Lemma 6.4. Assume that F satisfies Condition Fl. Then, A is homeomorphic to 
nonem,pty A'^ = IsON^iF^g, F^-^) through the the evaluation map 

A-^ A", V"-^ ip{xo). 

Proof. By Lemma f6.1l fl). each ip G A satisfies ip'^ — id so that ip is determined 
by ijjixo)- From this, A is homeomorphic to A° through the evaluation. And, tp 
satisfies Lemma [Q] (2*1 if and only if ip{xj) is Ison2{Fxj , i^x^+J-valued because N2 
fixes xo,xi. Nonemptiness is guaranteed by Condition Fl. D D 

In the remaining of this section, we assume that F satisfies Condition F2. so 
that F = N2 xni Fxg ■ Under this assumption, the zeroth homotopy of A will be 
related to extjy^ Fj„. For this, we need a technical lemma. We would express a 
map ip in A as m endomorphisms of Fx„ . This will be useful in dealing with A. 
For each j £ Z™, pick an element gj G N2 such that gjXj — xo, and denote by g 
the m,-tuple {gj)jeZm- Also, express a pointwise preclutching map ip by the m-tuple 
(Tp{xj))j£z^- For each ^ = (tI){xj))j,=z^, define the map 

V'g : S; -> IsoiFso), Xj ^ gj+i'ip{xj)g~'^ , 

and express it by the m-tuple {gj+i^{xj)gj )jez„. And, denote by Ag the set 

{ Vg I ^ e ^ }. 

Here, we consider an action of IsojVj (F^g) on these i/'g's. For B E Isoat^ {F^g), denote 
by BipgB~^ the m-tuple 

iBg,+,^bixj)g-'B-')jez^. 

Then, this action preserves A^ as follows: 

Lemma 6.5. (1) For tp £ A and B E IsoNi{Fxg), put 

'^'{^j) = 9j+iBgj+iijixj)gJ^B~^gj 

for each j E I'm so that tp' satisfies Btp^B^^ = tp' . Then, %p' E A. 
(2) For two elements ip, ip' in A, F /ip = F/tp' as N2-representation if and only 
if BtpgB~^ = ipg for some B E IsoNi{Fxg)- 

Proof. To prove (1), we would show that tp' satisfies two conditions of Lemma |6. II 
It is easy to show that tp' satisfies Condition (1) of Lemma [6. II Condition (2) of 
Lemma 16.11 is written as {tp'y^~^'^u = gtp' {xj^)g^^u in F^- for ji E ^m, 9 G -^2 
when gxj.^ = Xj^ and gS^a+i = ^h- Here, 

=5 (572+i55j2+i^(% )9i2^B-'^932 ) 9^^ 
^\99j2+iB9j2+i9^^) \9i^{xh)9^^) [99j2^B-^9j29^^) ■ 
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Note that ^ffj^+i = 9j3^i9j399jJ+i) and ggj^^ = g^^^igj^gg^J^) where gj:,ggj^Xi and 
gj^ggj^ are in A^i. With these, 

99j^+iBgj2+i9^^ = 9j3^{9n99jAi)B{gj3ggjJ+ir^gj3 
^gJ^Bgj^, 
and 

99j^^B-^gj^g-^ = gjX9ji99j^^)B~^{gj^ggJ^)~^ g^^ 






= 5^'^"'5,. 



because B e Isoat^ (i^^o ) . So, 

9i''{xj^)g-^ = ygjJ^Bgj^j(^gi;{xj^)g~^j(^gJ^^B-^gj,j 

= {973'Bg,,)r'-^^[gT'B-'g,,) 

= [gJ^Bgj.,^ {g-^B-^gj^tl;'{xj.,-i)gJ,^_^Bgj^^x^ 

(g-X^B-^gn+i^'{x,,)gl^Bg,,)(gJ^^B-'g,,^^ 

in .F^ , and this proves (1). 

Next, we prove (2). For sufficiency, assume that F/ip = F/ijj'. Considering 
F/ip as (FgQ,*^) by Lemma [6.31 there exists an A^2-isomorphism B : (F^g,*^) — )■ 
(Fj,,,*^'), and especially B S Isoatj (Fj,, ) by Lemma [6.31 (2'). So, Bgj ^^p gQ u = 
gj -k^i BgQ u for each j € Z,„, u S Fxg, and if we substitute B~^u into w, this is 
written as 

{Bgji;=g^^B-^)u = (5,V".% ')« 
by Lemma 16.31 (2). Substituting j — 1 in this, we obtain BgiipgQ B^^ = giip'go 
on Fxg. By using this and mathematical induction, we would show Bip^B^^ = tp'. 
Assume that Bgjipg^^iB^^ = gj^' g^\ on F^^ from j = 1 to j = fc — 1. Then, 

{9kij'gkli)i9k^ii^'9kl2) ■ ■ ■ i9ii^'9o^) 

< ,k _i 

= 9kip 9q 

= Bgki^'^go'B-' 

= {Bgk^Pg^\B-'){Bgk^,i;g^l^B-') ■ ■ ■ {Bg^^jg^^ B'^) 

Comparing the first line with the last, we have Bghi/^gJ^^iB^^ = gk4'' 9k-i- ^y 
mathematical induction, we obtain Bgjtl!gJ_^B^^ = gj'tp' gj_^ on Fj^ for each j S 
Zm, and this shows BipgB~^ = ip' . 

Last, we prove necessity of (2). By assumption, we have Bgj+iipgJ^B^^ — 
gj+iip'gj^ for each j £ Z^ on Fg^. Then, 

Bg,4,^g^'B-' 
={Bg,ijg-\B-^){Bg,_,^jg-\B-^) ■ ■ ■ {Bg.i^g^^B-') 

= i9j^'9j\)i9j-ii^'9j-2) ■ ■ ■ i9ii''9o^) 

=9ji'"9o' 
for each j G Z^ on Fj^. Acting these on Bg^u for u 6! F^^,, we obtain 

Bgjip^u = gj'ip'^ Bu 
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because B € 1son-^{Fx„). And, this is written as Bgj i^^ u — gj -k^i Bu by Lemma 
16.31 (2). This means that B is equivariant for {Ni,gj\j e Z^) so that B is an N2- 
isomorphism between (i^j„,*^,) and (i^xoi^v)- Therefore, we obtain proof. D D 

This lemma means that each orbit of A^ under the Isoat^ {F^o )-action corresponds 
to a representation. More precisely, we have the following: 

Theorem 6.6. Assume that F satisfies Condition F2. Then, the map 

^oM)^ext^JFs„, ['4,]^F/i^ 

is bijective. So, A is nonempty if and only if Fx„ has an N2-extension. 

Proof. To begin with, we show that each 7V2-extension of F^g is obtained as F/ip 
for some tp £ A. Let W be an 7V2-extension of Fx„ such that reSj^^ W is equal to 
FxQ- Consider a map p : N2 Xjy^ F^^ — > W, [g^u] (-> gu. Since F = N2 Xn^ F^g, 
the map p satisfies conditions of Corollarv l6.2l Therefore, there exists ip such that 
F/i{} = W hy Corollary 16.21 That is, surjectivity is proved. 

Next, we show that two ijj and tp' in A are connected by a path in A if and only 
if F/tp = F/ip' . First, we show sufficiency. Let ipt for t e [0, 1] be a continuous path 
in A such that ipo = -ip and ipi = Tp' . Then, all (i^go,*^J's are isomorphic because 
the path of their characters are in the discrete space Rep(Af2)- Second, we show 
necessity. If F/tp = F/tp', then Lemma [6.51 savs that B-p^B'^ = ip' so that tp^ 
and ■0g are connected in A^ by a path because 1soni{Fxo) is a product of general 
linear groups by Schur's Lemma. Since the map from A to A^ sending 'p to 'ps is a 
homcomorphism, Tp and Tp' are connected by a path in A, and we obtain necessity. 
Therefore, we obtain injectivity. 

Nonemptiness is clear from the one-to-one correspondence. D D 

Denote by A^ the path-component of A 

{^' eA\F/^^ F/tP' }, 

and by Atp.^ the path-component of ylg 

{^'^eA^\ Fji, - Fip,' }. 

Note that A^ and A^.^ are homeomorphic. To calculate homotopy of equivariant 
clutching maps in next sections, we need to calculate ■n\{A^^ for each -0 G ^. To 
do it, we would investigate the shape of A^. 

Lemma 6.7. For each Tp ^ A^ A^ is homeomorphic to 

IS0A.,(F/7/.)/ls0Ar,(F/V). 

Proof. In Lemma 16.51 f 21. we have shown that Aip^g is equal to the orbit of Tpg 
by IsojVi (-Fjo ) • To understand this orbit, we need to know the isotropy subgroup 
IsoNiiFsa)^^, i.e. 

{B e IsonAFxo) I BtP^b-^ = 7/>g}. 
By definition, Bpj^B'^^ ~ Tpg is expressed as Bgj+iTp{xj)gJ B~^ = gj+iTp{xj)g~ 
for each j e Z„j. Since gj+iTpg~^ = gj+igj'^gjTpgj'^ = {gj+igj'^)Tp^ on F^^ for some 
k by Lemma l6.1l f2). this is written as 

Bigj+igJ^ *i, B-^u) = gj+igj'^ *^ u. 

Since go G ^1, we have N2 = {Ni,gj+igJ^\j e Z^). Therefore, B e IsonAFso)4>s 
if and only ii B G IsoN^iF^g,*^). Therefore, v4^,g is homeomorphic to the quotient 

IsoAri(F/V^)/IsoAr2(F/V') because (Fso,:*:^,) ^F/^J. □ □ 
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In some special cases, we can understand A-,p more precisely. Denote by A'L the 
set 



{^'{xj) I V'g^v }. 



and by AV the set 



{ (^'(s,),^'(s,0) l^l/eA^,}. 

Proposition 6.8. Assume that N2 — {NQ,ao) with some oq G A'^2 such that a^Xj — 
Xj+i for each j G Z„i so that N2/N0 = Z^, and Ni = Nq. Then, 

(1) A pointwise preclutching map ^ with respect to F is in A if and only if 
^™ = id, ijjixo) e lsoNaiFso,Fs^), and ip{xj) = alij{xo)ag' for each j e 

(2) A,A^ are homeomorphic to A^,A^ for any ip G A, respectively. 

(3) If Fxg is No-isotypical, then Atp is simply connected for each ijj in A. 

Proof. For (1), we only have to show that ^ satisfies two conditions of Lemma [5TT] if 
and only if ■0" = id, ip{xo) G Isono{Fxo,Fs-,), a.n<iip{xj) ^ aliJj{xo)aQ' for j e Z„i. 
First, we prove sufficiency. If we substitute each h E Nq into g in Condition (2) 
of Lemma 16.11 ^{xj) is iVo-equivariant for each j G Z„j. Also, if we substitute a^ 
into g in the same formula, then we obtain 4^{xj) — ag0(xo)aQ"'. Next, we prove 
necessity. Note that ip{xj) = aQ'ip{xo)a^'' is iVo-equivariant for each j e Z^ because 
A'o is normal in N2 and iP{xq) is TVo-equivariant. An arbitrary g in N2 is expressed 
as Og/i for some h G No,j € Z,„. Then, since g~^Xj^ — Xj^ and gxj^+i — Xj^ with 
J2 = ii - j, is = ji + 1 for each ji e Z^, we have 

gtp{xj^)g^^u = {al^h)ilj(xj^){al^hy^u 

= af^ip{xj^)a'^'u 

= a'^^{xo)aQ^^u 
= V(%i)m 

for each u G F^ so that -0 satisfies Condition (2) of Lemma 16.11 Therefore, we 
obtain a proof of (1). 

(2) is easy because a map ijj in A is determined by 'ip{xo). 

Before we prove (3), we prove that the A'o-character of F^g is fixed by N2. 
Assume that F^g is x-isotypical for some x G IrrlAfo). By Theorem 16.61 existence 
of ip guarantees existence of an A^2-extension, say V. For each g € N2 , we have 

(6.3) <>F,, - res^^^,-, 'V - res^l ^V - resj^^ V - F,, 

by using normality of Aq. By Definition 18. 11 ^F^g is ((7-x)-isotypical so that g-x = X 
for each g. 

Now, we prove (3). Put F^g = lU for some I € N and U G Irr(A^o)- We already 
know that the character of U is fixed by N2. Let U be an A^2-extension of U whose 
existence is guaranteed by Theorem 114.11 By Corollary 114.21 F/ip is isomorphic 
to (loU (g) ri(0)) ® • • • ® {Im-iU (g) Q{m - 1)) for some h's in Z so that I = J2lk- 
Schur's Lemma says that Isoat^ (F/-^) = 1sono{IU) = GL(Z,C) and IsoAr2(F/^) = 
GL(/o,C) X ••• X GL(/,„_i,C). So, IsoAr(,(F/'!/^)/IsoAr2(i^/?/') is homeomorphic to 
GL(/, C)/ GL(/o, C) X • • • X GL(/,„_i, C). By long exact sequence of homotopy of a 
fibration, 

-^ TTi ( GL(?o, C) X • • • X GL(?™_i, C)) -^ TTi ( GL(/, C)) 
— ynJ GL{1, C)/ GL{lo, C) x • • • x GL(?™_i, C)) —> 0. 
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Here, i is surjective. So, the quotient space is simply connected, and we obtain a 
proof of (3). D D 

Proposition 6.9. Assume that N2 = (A^OiOo-^o) with some ao,bo e N2 such 
that aoXj = Xj+i and boXj = x^j+i for each j G Z„i. So, N2/NQ = Dm and 
Ni — {NQ,bQao). Then, A, A^ are homeomorphic to A^, .48, for any ijj G A, 
respectively. 

Proof. If we restrict the action to {Nq, oq), then the proof is the same with Propo- 
sition [HE (2). □ □ 

Proposition 6.10. Assume that N2 = {NQ,ai,a2,a3) with some a,i 's in N2 such 
that a\Xj — x_j+i, a2Xj = Xj+2, ot^Xj = S-j+s for each j S Z™ with m = 4. So, 
N2/N0 ^ Z2 X Z2 and Ni — Nq. Then, A, A^ are homeomorphic to A'^'^, Aj, for 
any ip G A, respectively. 

Proof. It suffices to show that each V' in yi is determined by ^{xq), iplx^). Substi- 
tuting g — ai in Lemma l6. II (2). we obtain 

V'(x2) = a3ij{xo)a^^, ip{xi) = a2-(/'(S3)a^\ 
so we obtain a proof. D D 

We often need to restrict our arguments on A to {xj,Xj'} as follows: let Ajj' 
with j ^ j' be the set of equivariant pointwise clutching maps with respect to the 
N2i{xj,x.j'})-hundle (res^^^^-^ -^j^ -F)|{s,,2j,} where N2{{xj,Xj>}) is the subgroup 
preserving {xj,Xj'}. Here, each ip in Ajj> is defined on {xj,Xji}, and satisfies 
ip{xj) elso{Fs^,Fs:.,) and V(Sj') ^ Iso(Fg^., , FjJ. 

We need to know if the restricted bundle (res^^.rg. ^ ,1-, -F)|{2j,s.,} satisfies Con- 
dition Fl. or F2. If F satisfies Condition Fl., then 

X = {xj,xj,} and (res;^^(^-^. -^.,j^ ^)l{x,,2y} = ^ 

so that the restricted bundle trivially satisfies Condition Fl. And, it is trivial that 
A = Ajj'. If F satisfies Condition F2., then (resj^^jrj. j. i) -F')|{Sj,s.,} satisfies 
Condition F2. because N2{{xj,Xj'}) acts transitively on {xj,Xji}. We obtain a 
useful lemma on Aj_j' . 

Lemma 6.11. The map res^-.j' ; A — > Ajj', ip 1— > TeSj_ji{ip) is well-defined where 

reSjj'(V')(Sj) = V^^'"^(xj), reSjj'(V')(SjO = i:^'^' (xj,). 
And, we have the isomorphism 

re4'({2,,x^,})(^/^) - (res^'({x,,x^.,}) ^)l{2„2,-}/res,,/(V') 
for each ip Cz A. 

Proof. By Lemma 16.11 we can check that reSjj'(^) is in Ajj'. And, the injection 
from (res^^crj. ^ ,\)F)\{xj,x ■:} to F induces the isomorphism through Pi-cs /(i/;) 
and p^i,. D D 

Since any ipinA glues all fibers of F to obtain a single vector space F/ip, ip might 
be considered to glue each pair of fibers of F. That is, ip determines the function ^ 
defined on x x x — A sending a pair (x, x') to the element V'(a;, x') in Iso(Fj, F^/) 
such that each u in Fg is identified with ■tp{x, x')u in F^' by tp, i.e. 't[j{x, x') satisfies 
Pij;{u) — p^{'4){x,x')u) where A is the diagonal. Call ^ the saturation of ip. Since 
the index j is not used in defining '0, it is often convenient to use {p instead of 
tp. Denote by A the set {'01 ip G A}, and call it the saturation of A. And, denote 
F/'ip,p^ also by F/%p,p^, respectively. 
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7. Some lemmas on fundamental groups 

In this section we prove three lemmas needed to calculate homotopy of equivari- 
ant clutching maps. Two of them are just rewriting of Schur's Lemma. The other 
is on relative homotopy. 

Lemma 7.1. For x S Irr(_ff), let W be a x-isotypical H -representation. For the 
natural inclusion i : 1soh{W) — >■ Iso(VF), the map 

I, : 7ri(IsoH(W^)) ^ 7ri(Iso(VK)) 

is injective and equal to the multiplication by x(*c?) wp to sign. 

Proof. An example is given instead of a detailed proof. Let Uq be an irreducible 
iJ-representation with the character x- Put W — 2Uo. Assume that x(j(i) = 3. By 
Schur's Lemma, Isoh{W) = GL(2,C) and i is a map from GL(2,C) to GL(6, C) 
such that 



a b 
c d 



Then, proof for this case is easily followed. D D 

Lemma 7.2. For x G Irr(_ff), let N2 be a compact Lie group such that H <l N2 and 
N2/H = Zm, and let W be an N2-representation such that leSj/ W is x-isotypical. 
For the natural inclusion i : lsoN2iW) — >■ Isoh(W), the map i* : Tri{lsoN2{W)) — )• 
Tri{lsOH{W)) is surjective. 



/ a 


6 \ 


a 


6 


0a 


b 


c 


d 


c 


d 


\ c 


d J 



Proof. As in (j6.3p . the character x is fixed by N2. Let U be an irreducible H- 
representation whose character is equal to x, and let U be an iV2-extension of U 
whose existence is guaranteed by Theorem 114.11 Then, W can be decomposed as 
(BkeZmhUk for some nonnegative integers /^'s by Corollarv 114.21 where we denote 
by Uk the representation (f/ (g) il{k)). Then, Schur's Lemma says that 

IsON2{W) = 1sON2{IoUo) X • • • X lS0N2{lm-lUjn-l), 

^GL(/o,C)x •••xGL(/,„_i,C), 
Isoh{W)^GL{1,C) 

where I = '^^1^. Since i is the natural inclusion from to GL(Zo, C) x • • • x GL(Zm-i, C) 
to GL(Z,C), we obtain a proof. D D 

Here, recall a notation. 

Notation 7.3. Let X be a topological space. For two points j/o and j/i in X and 
a path 7 : [0, 1] — > X such that 7(0) = yo and 7(1) — j/i, denote by 7 the function 
defined as 

7 : 7ri(X,yo) — > 7ri(X,yi), [a] i-> [7~^cr.7]. 

Lemma 7.4. Let X be a path connected topological space with an abelian 7ri(X). 
Let A and B be path connected subspaces of X. Also, let «i and 12 denote inclusions 
from A and B to X, respectively. Pick two points yo G A, yi € B, and a path 
7 : [0, 1] -^> X such that 7(0) = yo ^.nd 7(1) = yi- Then, we have a one-to-one 
correspondence 

n : 7ri(X,yi)/{7(zi,^i(A,yo)) +«2*^i(S,2/i)} -^ [[0,l],0,l; X, A, B 

[a] I — > [7.cr]. 
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Proof. The only issue is well-definedness of 11 and 11" ^ which is just a tedious 
check. D D 

8. EQUIVARIANT CLUTCHING MAPS ON ONE-DIMENSIONAL FUNDAMENTAL 

DOMAIN 



Assume that p{G^) = R for some finite R in Table ITTT] such that pr(i?) = T, O, I. 
In this section, we find conditions on a preclutching map ^^j in (7*^(1)^, Vb) to 
guarantee that $^ be the restriction of an equivariant clutching map as promised 
in Section |4l By using this, we show that J7^ (w ■)- ^^ nonempty for each 
{Wiii)i^j+ G Ag (5^,x). For these, we define notations on equivariant pointwise 
clutching maps with respect to the (G'^)a;-bundle (res^g -. Fvs)\\tt\-'-{x) for each 
X € |£i?| and x = |7r|(iz:), and prove some lemmas on them. Then, we apply results 
of Section [B] in dealing with J7^ (w -) ■ Concrete calculation of homotopy of 
equivariant clutching maps for each case is done in the next section. 

First, we define a set Ax of equivariant pointwise clutching maps for each x in 
\Cfi\. For each x in \Cfi\ and x — |7r|(a;), put x ~ |7r|^-'^(x) — {xj\j £ Z,„} for m = jn 
or 2 according to whether a; is a vertex or not. Then, let Ax be the set of equivariant 
pointwise clutching maps with respect to the (G'j^)a;-bundle (reSjJ ^ Fyg)|x, i.e. 

^2 = {Gx)x and F — (res,g x Fvb)\x in notations of Section [S] (see Example 
16. ip . Here, we need to explain for codomain of maps in Ax- For each x € \^r\ and 
ipx & Ax, ipxixj) is in 

lso(^iFv,h^AFvsh,^^) 

for j E Zj^ or Z2. H Xj G |/| and Xj^i E \f'\ for some /, /', then ipxixj) is 
henceforth regarded as in Iso (Vf, Vp). This is justified because we have fixed the 
trivialization (res,^ x _ Fyg)| jr = |/| x V^ for each face / € ICh. We define one 

more set Ag of equivariant pointwise clutching maps for each edge e and its images 

e = Pc{e), |e| — |7r|(|e|). For each x in |e| and x = P\c\{x), put 

x'q = x, S'l =P|£|(|c|(x)), and x' = {x^-|j G Z2}. 

Consider the set Ax of equivariant pointwise clutching maps with respect to the 
(G'x)|e|-bundle (reS/^ ■. i^y^)!*' where (G';^)|e| is the subgroup of G^ fixing |e|, 

i.e. N2 = {Gx)\e\ and F = (res.^ > Fvs)\yi' in notations of Section[6l As for Ax, 
each map ^^ in Ax is considered to satisfy 

^i {x'^) G lso{Vj, Vp ) and ^^ {x[ ) E lso{Vj, , Vj) 

when x'q E |/| and x'^ E |/'|. Here, observe that Ax is in one-to-one correspondence 
with Ay for any two x,y in |e|, i.e. an element tf^x in Ax and an element Tpy in Ay 
are corresponded to each other when ipx{x'j) = ^y{y'j) for j G Z2. This is because 
the (Gx)|e|-bundle (res. J ^ Fvs)\x' is all isomorphic regardless of a; G |e|. It is 
very useful to identify all Ax^s for a; G |e| in this way, so we denote the identified 
set by Ag- That is, each element ijjg in Ag is considered as contained in Ax for any 
i G |e| according to the context. 

Next, we would define a Gj^-action on saturations. First, we define notations on 
saturations. For each x = |7r|(a;) and ipx & Ax, denote saturations of As and ipx by 
Ax and ipx , respectively. Since index set is irrelevant in defining Ax , the saturation 
depends not on x but on x. This is why we use the subscript x instead of x. For 
any g E G^ , the function g ■ ipx is contained in Agx where g ■ ipx ^s defined as 

(5 • 4'x){y, y') = g^xig^^y, g~^y')g~^ 
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for any y ^ y' in Tr^^{gx). That is, we obtain gA^ = Agx- Especially, it is easily 
shown that g ■ ipx = ^^x for each g £ {Gx)x by equi variance of f/'j. From this, it is 
noted that if 5'a; — gx for some g' ,g € G^, then g' -ilix = g'lpx because g' = g{g~^g') 
with g~^g' G {G^)x, i.e. 5 • V'x is dependent on gx. We have defined a G^^-action on 
saturations. Since Ax and Ax are in one-to-one correspondence, As^ also deliver 
the G^-action induced from the G^-action on Ax^^, i-e. g ■ ipx & Agx for each 
V's € Ax is defined and Agx = gAx- Here, we prove a useful lemma on this action. 
Before it, we explain for the superscript g, and state an elementary fact. 

Definition 8.1. Let K he a, closed subgroup of a compact Lie group G. For a given 
element g £ G and W £ Rep{K), the y/fg^^-representation ^W is defined to be 
the vector space W with the new gK g^^-SiCtion 

gKg^^ xW ^W, [k, u) k^ g~^kgu 

for k e gKg^^, u £ W. 

Lemma 8.2. Let G be a compact Lie group acting on a topological space X. And, 
let E he an equivariant vector bundle over X. Then, s Ex ^ Egx for each g £ G and 
X £ X. Also, 

G G I 

for any two points x, x' in the same component of the fixed set X"-^"='^'^==' . 

By Lemma 18.21 and Lemma 13.101 Pvect is well-defined in cases when pr(i?) = 
T,0,L 

Lemma 8.3. For each x £ \Cr\, x = I'l'KS), g £ G^, i/'s G Ax, we have an 
(G^) gx -isomorphism 

G^ J-, \| /_ _7_ r^ i ( G 



Proof. Put L = {g, {G^)x), and let fcg € N be the smallest natural number satisfying 
g''" £ {Gy)x where such a number exists because R — p{G^) is finite. To prove 
this lemma by using Lemma |8.2[ we would construct an L-bundlc T over the orbit 
Lx = {x,gx,--- jg'^^'^^x}. Put ^ ~ (res^'^ i^yg) Jl^ over Lx, and consider the 
nonequivariant bundle J-" over the orbit Lx whose fiber J^gkx at g x is equal to 
T\gky^l{g^ ■ 'tpx) for fc = 0, • • • , fco — 1. And, let P : .F — > J^ be the map such that the 
restriction of P to ^\gk^ is equal to Pgk.^^ where Pgk.^^^ : -^Ig^x — > .Plgk^/ig'^ ' '4'x) 
is the quotient map of (|6.2p . Then, we would define an L-action on J- aslu = P{lu) 
for each I £ L,u £ J^, and any u £ P~^{u) so that P becomes L-equivariant. As 
long as this is well-defined, it is easily shown that it becomes an action because it 
is defined by the L-action on T through P. So, wc would prove well-definedness of 
the action. For this, it suffices to show P{lu) — P{lu') for each I £ L and each u, v! 
in F satisfying P{u) = P{u'). If u G {FvB)g''x- and u' £ {FvB)gkx., for some j,j', 
then P{u) = P{u') is written as 

(*) (/•Vi,)(/Sj,/%)w = u'. 

Note that lu £ {Fvg)igkx- and Iv! £ {Fy^jigk^ ,^. And, put I = g'^ I' with I' £ Lgk^ 

and some integer k' so that Ig'^ii = g'^+'^ x because I' fixes g'^x. Remembering that 
the restriction of P to F\igkj^ — F\ k+k'^^ is equal to p k+k'.j^^, P{lu) = P{lu') is 
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shown as 

{9''+''' ■^Jx){l9'"x.j,lg''xy)lu 

=9^\9^ ■ ^^)(^9'^' 19^x^,9-^' l9^xy)g-^' lu 

^9^' l'l'-\9'' ■ i,^){l' 9^x,,l' 9''x,,)l'u 

^9^'l'{l'-^9^ ■ 4>^){9^Xj,9''xj,)u 

^l{9''-4'x){9'"xj,9''xy)u 

=lu' 

where we use (*) in the last hne. So, we obtain weh-definedness of L-action on F. 
By definition, isotropy representations J-x and J-gx are equal to representations 

{''^\G^)^FvB)k/i'x and (resJ^J^)^^Fy^)|gx/g-^x, 

respectively. Then, the lemma follows from Lemma 18.21 D D 

To investigate VLj^ iw ■) ' ^^ need prove a basic lemma on relations between 
A^i and Ax for a; = w* or v''^^ . Also, we prove lemmas on evaluation of equivariant 
pointwise clutching maps. 

Lemma 8.4. Put v*^ — |7r|^-'^(w'^) — {xj \ Xj = v'^ for j G Zjr} for k — i,i + 1. 
And, put v'* = Wo.vl} and v"+i = {5o+\5!.Y} so that v\, w^Y ^ c(e*). 

(1) Ax C Agi for each interior x in |?|. 

(2) Agi — Ax for each interior x ^ &(e') in |e*|. Moreover, Agi = Ahi^gi) if 
{Gx)b(e^) = {G^)x forx = \'k\{x). 

{?,) Al.^AlandAl'^^,' ^A^. 

(4) For each ipyi in Ayi, we have Tpyi{vQ) = V'e*(^o) /^'^ ^^^ unique tpgi G Agi, 
and 

,(Gx)„ 



""^^(G^),. 



{^""""^G.)^^ FyB)y/^v^} = ('■esfj,),,., Fvu)\s."/^e 



(5) For each ^'b^+i in Ayi+i, we have il!yi+i{v_-^ ) = ■il!gi{v_-^ ) for the unique 



(Gx) 
''''iGl) 



Cm' {('"''''f4)„. + i ^Vi.)lv-+i/V'c"+i} = (resf4)|^^^ i^VsjIv'.+ i/V'e. 



Proof. (1) follows from (G'^)|ei| C (G^)^: when x — |7r|(a;). (2) follows from (G^)|ei| = 
{G^)x. Similarly, since iG^)\^^\ C G^iv'') and (Gx)|e-| C G^{v''+^), (3) holds 
by Lemma [6.111 where Gx(v'*) and G;^(v'*+^) are subgroups of G;,^- preserving v'* 
and v"+^, respectively. The first statement of (4) follows by (3) and Lemma [6.41 
By Lemma [6.111 we have the second statement of (4). Similarly, (5) is also ob- 
tained. D n 

Lemma 8.5. Assume that pr(i?) = T, O, I and R j^ T x Z. For each vertex v in 
ICii, the evaluation map Ag — > A'^, ipv '-^ ^c(^) is homeomorphic. 



Proof. Put V — \ii\{v). In these cases, i?„ = Z„j or D,„ with m = jr by Table oM 
and proof is done by Proposition 16.81 f 2) and 16.91 D D 

Lemma 8.6. Assume that R = T x Z. For each vertex v in ICr, the evaluation 
map 

Ay -^ A°x A^^, Vc ^ ( ■0c('i'o), V'c(w-i) ) 
is homeomorphic. 

Proof. Put V = \tt\{v). In these cases, i?„ = Z2 x Z2 by Table [5^ and proof is done 
by Proposition Eini □ □ 
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Now, we state conditions on a preclutching map $^ in C'^{Dji, Vb) to guarantee 
that $^ be the restriction of an equivariant clutching map. When i? = T x Z, 
pick an element to G (^x)&(/"^) such that t^v'^ — v^ . So, io satisfies tow° — wj and 
*o^?± = ^}± foi' J G ^4 ^-s illustrated in Figure 221 Also, we define a terminology. 

Definition 8.7. For x € \Cr\, x = \it\{x), Vs e y4^g, $ G C°(|£_r|, Vb), the map V'g 
or its saturation V'a; is called determined by $ if $ satisfies the following condition: 



ipx\l 



[P\c\{x).P\c\{\c\{x))'j =$(x) 

for each x £ {\tt\ o P\c\)^^ {x) . The condition is concretely written as 

(1) if a; is a vertex, then 

il^x{xj) = ^{xj^+) and Vs "^(%) = *(ij ,-) 

for each j G Zj„ , 

(2) if X is not a vertex, then 

-03(^0) == $(xo,+) and Vs(Si) = *(|c|(£o,+))- 
Theorem 8.8. Assume that pr(i?) = T, O, I. Then, a preclutching map $^ in 
C^{Dii, Vb) is in flj^ y if and only if there exists the unique ipx G Ax for each 
X S Dr and x — |7r|(a;) satisfying 

E2. 4'x\P\c\{x),P\c\{\c\{x)yj = *£,^(i) for each x G Dr, 

E3. for each x,x' G Dr and their images x — |7r|(a;),a;' — \t:\{x')^ if x' — gx for 
some g G G^, then %px' = 9 ■ 4'x- 
The set {iJJx)xeDR ^•s called determined by $^ . 
Proof. For necessity, it suffices to construct a map $ in riy^ such that $|^ = <&£, . 

For this, we would define $ on D^, and then extend the domain of definition of $ 
to the whole \Cr\- First, we define $ on D^j so that each tpx is determined by $, i.e. 
each tpx and $ satisfy Definition 18.71 Then, Condition E2. says that $|^ = $£, . 
Next, we define ^{x) — g^^^{gx)g for each x G \£r\ and some g £ G^ such that gx 
is in T)r. We need prove well-definedness of this. Assume that y — gx and y' = g'x 
are in D^ for two elements g,g' in Gy^ so that y' = g'g~^y. And, let y and y' be 
images of y and y' through |7r| opi^i, respectively. Then, y' = g'g~^y. These give 
us -ipy' = {g'g~^) ■ 4'y by Condition E3. From this, we obtain 

g'-'m)g' ^ g'-'i'y'{piciiy'),mi\c\iy')))9' 
= 9~^i'y{p\c\{y),P\c\i\c\{y)))g 

= g~^^{y)g 

where we use equivariance of \c\. So, well-definedness is proved. It is easily checked 
that $ satisfies Condition Nl., N2., El. Therefore, $ is the wanted equivariant 
clutching map. 

For sufficiency, assume that <&£, — ^\d foi' some $ G ^Vb- Then, we should 
choose the unique -02 G Ax for each x G Dr satisfying Condition E2. and E3. 
When we show that ■i/'s's satisfy Condition E3., the condition x' = gx holds only if 
x' , X are equal points or a;', x are different vertices by definition of one-dimensional 
fundamental domain. The second situation happens only in the case of i? = T x Z by 
Table [Lll and in other cases Dr contains only one vertex. So, proof for sufficiency 
is different according to R. 

First, assume that i? y^ T x Z. At each x G Dr, the unique ipx in Ax is determined 
by $ because $ satisfies Condition Nl., N2., El. Moreover, it can be checked that 
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ipx is the unique element satisfying Condition E2. for each x by Lemma 18.51 And, 
as we have seen in the above, we do not need to consider Condition E3. in these 
cases. 

Second, assume that R = T x Z. At each x e Dn, the unique ipg in -^s is 
determined by $ because $ satisfies Condition Nl., N2., El. Easily, these ip^'s 
satisfy Condition E2., E3. so that it remains to show their uniqueness. For x € 
Dr — {v'^,v^}, ijjx is the unique element satisfying Condition E2. by Lemma 16.41 
Condition E2. says that 

(*) V«o(z;°) = $^Ji)0), Vv'(^') = *D«(*-)- 

And, Condition E3. says that ij^^i — Iq ■ ipyO, and from this it is obtained that 

Formulas (*), (**) say that two values ^yi{v^) and '0bi(^'-i) = i4'^i'i^^))~^ are de- 
termined by $^ . And, this means that ^yi is unique by Lemma 18.61 By Condition 
E3., uniqueness of tpyo is also obtained. D D 

Remark 8.9. This theorem holds even though we might omit the word 'unique' 
in the statement of the theorem because uniqueness is not used in the proof of 
necessity. D 

By using Theorem 18.81 we would describe i}jj y^ through A^s. Define the 
following set of equivariant pointwise clutching maps on rf"s. 

Definition 8.10. Denote by Ag^{S'^,Vb) the set 

{(V'dO^e/ I V'd' € A^. and -0^1 = g • -0^0 if d^ = .gd° for some g G G^}. 
An element {'4'd^)iei in Ag^{S'^,Vb) is determined by <i>^ g fi^ y if i/iji's and 
$£, satisfy Condition E2. and E3. of Theorem 18.81 Also, a triple (Wdi)iG/+ in 
AgJS^,x) is determined by (^AdO^e/ in AG^iS^,VB) if W^-i = Vj-i and W^' is 
determined by i/'ji with respect to (res.g -, ^VB)||7r|-i(dM for each i E I. 

By Theorem l8.8l we can see that for each <&£, e fljj y there exists an element 
{4>di)i€i in Ag^{S^,Vb) which is determined by $^ . In fact, it can be checked 
that this element is unique by the proof of Theorem 18.81 

Corollary 8.11. The set Qjj y is equal to the set 

{ $j5^ e C°{Db., Vb) ^dJ"^) ^ -^s" /"^ s'^c^ ^ S [d+Jl], and 

'^D^dl) = V^,-o(d°), $£,Jrfl) - tp^.'id") for some (V^jO.e/ e Ag,{S^Vb) }. 

Proof. To prove this corollary, we would rewrite Theorem 18.81 by using Ago and 
Ag^{S^,Vb)- By Theorem 18.81 a preclutching map $^ is in J7^ y if and only 
if a set ^ = {'4'x)x(EDrt ^^ determined by $^ . As we have seen in the proof of the 
theorem, gx — x' with x 7^ x' in Condition E3. is possible only when x and x' 
are d'^'s (of course, more precisely when they are vertices). So, VP is determined by 
^jj if and only if {ipdi)i^i satisfies Condition E2. and E3. and iipx)xeDR-{dMii£i} 
satisfies Condition E2. Here, (■0ji)ig/ satisfies Condition E2. if and only if 

(*) <i>£,Jrf°+) = ^,-o(d°) and <P^^{dl)^^^,\d'). 

Lemma [5^ (3) says that (*) implies $^ (x) £ A^, for x = d^,d^_. So, (*) could be 
redundantly rewritten as 

(**) <Pf,(dl)^i,doid^), <^.(dl) = ^-:,\d'), and $. fx) € ^°o 
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for X ~ d^, (iL. And, {ip^i)i(zj satisfies Condition E3. if and only if 

(***) i^,.).ei e Ac^iS^VB). 

Next, we deal with ^^'s in {ipx)xeDR~iS\iei}- They satisfy Condition E2. if and 

only if t/jxix) ~ $£, (x+) for each a; in a; € Dn — {d''\i € I}. And, this is satisfied 

if and only if $£, {x+) £ A^ — A^o and we have chosen ip^'s such that ipx{x) = 

^jj {x+) for each x. In summary, three conditions of this, (**), (***) are equivalent 

conditions for ^I^ to be determined by $£, . Therefore, we obtain a proof. D D 

By using this corollary, we would show nonemptiness of il^ (w ■) ■ ^^''- ^^^^' 
we need a lemma. 

Lemma 8.12. For each (Wrfi)ig/+ € Ac^{S'^,x), if we put 

then each Ax for x £ [cP,d}] is nonempty. And, we can pick an element {'ip^i)i^i 
in Ag^{S'^,Vb) which determines {Wiii)i^j+. 

Proof. For each i £ I, put x = |7r|"^((i*) — {xj\xj — rf' for j £ Z^} for ni — jn or 
2. If we put Fi — (res.Q ^ . Fvb)\^ and N2 ~ {G^)j_i, then iVi = iGx)^- Example 
16.11 says that Fi satisfies Condition Fl. or F2. Definitions of Fi and Fy^ say that 

beca use (G^jso = (Gx)[d-Kd-] = (Gx)[<i-i,<i'] is equal to {G^)d-ir\{G^)d^ by Lemma 
[3J01 This implies 

(^^)-o^resg!:i,n(c.)..W^.- 
by Definition II. II f 4). i.e. W^i is a (G^^);;; -extension of {Fi)^g. So, Theorem 16.61 savs 
that Alii is nonempty. Moreover, we obtain nonemptiness of Ax for x £ [cP,d}] 
by Lemma [8.41 To prove the second statement, pick an element tp^t in A^t which 
determines W^i . li d^ = g ■ d^ for some g £ G^ , then the element g ■ t/i^o in A^i 
satisfies 

Fi/g ■ ibdo = mdo= Wdi 
by Lemma 18.31 and Definition Il.ll f2). So, we may assume that i/^jji = g ■ ipd°- 
And, Wd-i = Vj-i by definition of Vb- Then, (^ji)ig/ is in Ag^{S'^,Vb) which 
determines (WdOie/+- Therefore, we obtain a proof. D D 

Proposition 8.13. For each (M^di)je/+ G Ag-^[S'^,x)i ^^e set ilj^ (w i) *■* 

nonempty. 

Proof. Put Vb = G^ ^{G^)^-i W^-i so that ^£,^_(vf^^).^^^ is contained in ^f,^y^- 
First, we would describe fi^^ (w i) ^y using Corollary 18.111 By Lemma 18.121 

we can pick an element {ij-^di)iei in Aq {S'^,Vb) which determines (W(ii)jg/+. By 
Theorem 18.81 and Definition 18.101 each element <I>a in 57 a .,,, > satisfies 

for some (■0j.)<e/ ^ ^G^(5'^VB), i-e. (V'ji)ie/ is determined by $£,^. Easily, 
■0ji € (^dO^Arfi for i e / because (^Ajjie/ should determine (VFdi)ig/+. Moreover, 
Lemma 18.41 savs that both ip'ToidP) and ij'j^^{d^) are in (-Ago)" which determine 

reslQ^^J*"^^ Wdo and res|g,j^j|'^'^^ IV^i, respectively. Since (Gx)|eO| = {G^)d.o D {G^)di 
by Lemma 13.101 and these two representations are isomorphic by definition of 
Ag^{S^,x)j Theorem 16.61 savs that ■(/'jo(^°) and i/'j7^('^^) ( of course, also ^ja{d^) 
and ip'^j^{(P-) ) are in the same component {Ago)^ ^ of {Ago)^ for some ipgo £ Ago. 
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Since ipdoidP) ^'iid ipd^id}) do exist, such a ip^o exists and (.4eo)^„Q is nonempty. 
So, On lu^ \ is expressed as 

(8.1) 

{ $^^ e C"(i^;^,l/B) I *j3„(:r) e (A-o)^_^„ for each x e [4,^-], and 

*Z5jrf"+) = ^Ud"), *Djrf"-) = V'j7'('?) for some (^^-.).6/ £ ^^.(S^,^^) 
such that tp'^i e (.4ji)^^; for i G / >. 

However, we can construct a continuous function $'- : [rf']_,rfL] — > (y^go)S, C 
Iso(yf-i,Vfo) such that $^ (d^) = iJdoid°) and $^ (dl) = ip^i\d^) because 
tpdo{dP) and V'ji"^('?"^) are in the nonempty path connected {Ago)^ ^. Since $'- is 
contained in the set (j8.ip . we obtain a proof. D D 

9. Proof for cases when pr(p(Gx)) = T, 0,1 
Now, we are ready to calculate honiotopy of equivariant clutching maps. 

Proposition 9.1. Assume that pr(i?) = T, O, I and i? 7^ T, O, I. Then, Theorem 
rO holds for these R 's. 

Proof. We prove the proposition only for the case of piG^) =Tx Z. Proof for other 
cases are similar. We would show that ttq{Qjj (w ■) ) ^^ '^^^ point set for each 
iWd^)^eI+ €^G,(5',X) by Proposition [El (2). Put''' 

Vb = G^ X(G^)^_^ W,^^, Fv, = G^ X(G^)^_^ (|/-i| X W,-^) 

for each (M^dO»e/+ e ^G,,(5^x)■ 

By Proposition 18.131 we know that 7ro(r2^ (w -^ ) ^^ nontrivial. For two 

arbitrary $£,^ (md^'^^ in 0£,^_(^^.j_^^^ , let {^s)i(^i and (^^-J^e/ in ^0^(5*2, Vb) 

be two elements determined by <&£, and $'- , respectively. We would construct a 

honiotopy connecting; $a and $'- in Oa /„, n . First, we show that we may 

•' ^ ^R Da -'-'"•("^di)iei+ 

assume that {ip'j-)i^j = (^ji)ig/. Since i/iji and ip'ji for i d I determine the same 
representation W^it , these two are in the same path component of A^ii by Theorem 
WM Take paths Y ■ [0, 1] ^ -4j, for i G / such that 7'(0) = V^-, and 7^(1) = Vj.. 
In the case of i? = T x Z, we have d^ =to-d^, and to ■ 7*^ satisfies {to ■ 7°)(0) = V'ji 
and (to • 7°)(1) — tpd^ by Definition l8.10l So, we may also assume that 7^ = to • 7*^- 
Recall that the parametrization on |e°| = [w'J^,!)!] by s G [0,1] satisfies w*J_ = 0, 
b{e°) = 1/2, wi = 1. We construct a homotopy i(s,t) : [d\,d!t^] x [0, 1] -> y^^J; as 

L{s, t) = 7' Ul - ■is)t\ {d') for s G [0, i], 

L(s,t)=^'*(3s-1) forsG[i,|], 

i(s,t)=7'+i((3s-2)t)"'(d*+i) forsG [|,1]. 

Then, Lt for each t G [0, 1] is in O^ (w ■) ^^ Corollarv 18.111 and i connects 
$'- with ii in ilf. ,T^ ^ which determines (ipdi)i€i- So, if wc put $'- = Li, 
then we may assume that <^jj and $'- determine the same element ("^dOie/ in 

AG,(5^^s). 

Now, we construct a homotopy between $^ and $'- . As in the proof of Propo- 
sition[H331 i^do^dP) and ij^^^^id}) are in the same component (ylgo)R for some ele- 
ment il^go in Ago, and $^ , $'- have values in (ylgo)Jl . Here, note that {Ago)^^^ is 
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simply connected by Lemma [5751 and Proposition l6.8l (3'). By simply connectedness, 
we can obtain a homotopy L'{s, t) : [cf^_, d^] x [0, 1] — > ^go as 

L'is,t) G (A-o)O „, i'(0,i) = 7A,-„(J0), L'(l,t) = Vji'(Ji), 

for s,t e [0,1]. Then, L' connects $^ and $'- in ftj^ (w ■) ^^ Corollary 

18.111 Therefore, we obtain a proof. Here, we remark that simply connectedness is 
critical in obtaining L' . O D 

Proposition 9.2. Assume that R is equal to one o/ T, O, I. Then, Theorem Hil 
holds for these cases. 

Proof. When p{G^) is given, put 

for each (W^dOje/+ ^ ^g^I'S'^jX)- We can pick an element {tp^i)i^j in ^0^(5*^, Vb) 
which determines {Wdi)i^i+ by Lemma [8. 121 In these cases, we have 

DR = [v°,b{e°)], (Gx)„o/iJ = Z,„ 
(GJb(,o)/7f^Z2, (Gx)./il = (id) 

by Table|331 By using these, path components oiA^o, Ab(e°) are simply connected 
by Proposition 16.81 (3). and we have A^o — Iso/f (V^-i, V^o) by Lemma [6741 Here, 
AyO, Ab(e°)j -^go are all nonempty by Lemma 18.121 Since d^ ^ gd^ for any g G G^, 
if^'i-a and V'ji in the set (|8.1I) have no relation. So, the set (|8.ip is rewritten as 

{ $£,^ e G°(i^fl,T/s) I *i5„(x) e Isoh{Vj-i,Vj„) for each a; e [vl,b{e% 

and $^Jz)°) € (Ao)«^„, $^^6(6")) e (A(e-o))?,^^^_„,}. 
Since path components (y^5o)5l and (y^ti(eO))S, are simply connected, the homo- 
topy TTo{ilj^ (w ■) ) is in one-to-one correspondence with the homotopy tti I IsoniVf^i , l^/o) ) 
by Lemma l7.4l and the injection iq from Hq to 17 £, ,^ -, induces the bijection 

7ro(«o) : 7ro(r2o) -^ ^o(^£)fi,(w^,)^ j+ ) 
where fJo is defined as 
{ $^^ e C°(i)i^, V^b) I $^^(i) e Isoh(Fj-i,Fjo) for each x £ ^'6(6°)], 

and ^f,Jvl) = Vco(i;°), ^z^jKe")) = Ai,o){b{e"))} . 

Now, we would show that Chern classes of equivariant vector bundles determined 
by different classes in 7ro(ri^ (w ■) ) ^i^h respect to Vb are all different by 
calculating Chern class. For this, we use the parametrization on Cr introduced in 
SectionJH For notational simplicity, put * = ^pyo{v'^) and *' = V6(eO)(&(e°)). Let 
7o : [0,1/2] -> lsoH{Vf-i,Vfo) be an element of the set ^o such that 7o(0) = * 
and 7o(l/2) — *' . Also, let ctq : [0,1/2] — )■ lsoH{Vf-i,Vp) be a loop such that 
CTo(O) ~ (To(l/2) = * and [ao] is a generator of Tri{lsoH{Vjr-i,Vfo),*). Here, we 
introduce some notations. 

Notation 9.3. For some iJ-representations Wi and W2, let Xi and X2 be two 
spaces Iso_f/(VFi, W2) and Isoh{W2,Wi), respectively. For paths 61,62 ■ [a, 6] — > Xi 
satisfying 6i{b) = 62(0), denote by 61.62 : [a, &] -^ Xi the path defined by 

6i(a + 2{t^a)), tG[a,^], 
52(a + 2(t-^)), te[2±^,fe]. 



{61.62m =\ ,f„^0U_a±b 
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For paths S3 : [a,b] — > Xi and 84 : [b,c] — > Xi satisfying S^i^b) — (54(6), denote by 
(5i V (52 : [a, c] — > Xi the path defined by 

('53V(54)(0-| ^^(^)^ ^^[^^^]^ 

Also, for a path S : [a, b] -^ X\ denote by (5* : [1 — &, 1 — a] -^ Xi the path 
(5*(i)=5(l-i)-i. 

Note that (79.70 G i^n C fif) cw i • We would show that the difference 

between ci(Fy^/cro.7o) and c;i(-Fvb/7o) is 12x(id), 24x(id), 60x(id) according to 
i? = T, O, I, respectively. Here, Ib, — 12, 24, 60 because the number of edges of 
/Ct, A^Oi ^i is 6, 12, 30 and D^, is a half of an edge at each case, respectively. For 
the calculation, we need to describe the equivariant clutching maps precisely. Let 
$ = U (y3e in ^£,^ (^y N be the extension of 70, i.e. 'fe^it) = 7o(i) for t e [0, 1/2]. 
By Condition Nl., (/3j.(e<')(0 — 7o(l ~ 0^^ for i G [1/2,1]. Pick an element co of 
(G'x)6(eO) such that co6(e°) = 6(c(e")). By equivariance of $, 

V3,(gO)(t) = $(i) 

= Co$(Co 4)c^i 
= Co(/3eo(Co^i)Co^ 
= Co7o(OCo ^ 

for i e [0, 1/2]. Again by Condition Nl., 

= co7o(l - O^^Cg ^ 

for t e [1/2,1]. This gives Lpff> = 70 V co7oC(7^ and (y9c(e0) = co7oCo^ V 70. Let 
$' = Ui^^ be the extension of cro-7o- Then, 

(ySgo = 0-0.70 V co(7o.(To)co ^ and 

(/^c(eO) =CoCro.7oCo^V7(;.CTo 

by using (cto-7o)* = ll-'^l- Replacing only Lp^ and (y9c(e0) of $ with (^'^ and (/j'^(go), 
we obtain a new nonequivariant clutching map, say $1. Here, $1 becomes an 
nonequivariant clutching map because $1 = $ on vertices of £ij. The difference 
c\ (Fy^ /$i) — ci {Fvb /$) is equal to ±2x(id) ( say +2x(id) ) by Lemma FO because 
(fi'go contains two generators cro and cqctqCq . We would repeat this argument for 
other edges. Pick edges e and c(e) such that {e, c(e)} 7^ {e°,c(e°)}. Then, there 
exists the unique go S G^ up to H such that goe" = e. By equivariance, 

fe = .90 ■ 'Pe" 

= 50- (7oVco7oC(7^) 



and 



5o7oSo ^ VgoCo7oCo^5o \ 



<p'e = 500-0.7030 ^ V goCo7o-f^oCo ^5o ^• 



Replacing only ip^ and ^c(e°) of *l'i with (p^ and ip',.o\, we obtain a new nonequivari- 
ant clutching map, say $2, is obtained, and the difference ci(FvAg/$2)— ci(Fyg/$i) 
is also equal to 2x(id) because go preserves the orientation. In this way, if we replace 
all ipe of $ with ip'g to obtain <!>', then the difference ci (Fv^ /$') — ci (Fy^ /$) is equal 
to Zflx(id). Proposition 15.31 and these calculations prove the proposition. D D 
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10. Equivariant clutching maps when pt{p{G^)) = Z„, D„ 

Assume that piG^) = R for some finite R in Table 11.11 such that pr(i?) = 
Z„, D„ . We redefine notations introduced for cases of pr(i?) = T, O, I to be in 
accordance with these cases, and mimic what we have done in Section 31 [51 |S] with 
those notations. In our treatment of cases when i? = Z„, (a„, —6), there are some 
differences with other cases which are caused by existence of fixed points. 





Figure 10.1. 



K-n — > ICr when K-ji = IC4 



First, we rewrite SectionJH In these cases, ICr — Kmn with ttir = n/2, n, 2n by 
Table im Denote by ICr^s the lower simplicial subcomplex of /Cij whose underlying 
space |/Ck,s| is equal to |/C_r| n {(x, y, z) € R'^ | z < 0}, and by ICr^n the upper 
part. Let Cr be the subcomplex JCr^s H ICr^n of JCr lying on the equator z = 0. 
Put B = {S, N} C \K,r\ on which R (and G^) acts. Since each |/Ci{_q| for q e i? has 
a simple equivariant structure for i?g, we consider ICr as the union of two pieces 
^R,q for q & B, not of all faces of ICr. Denote by ICr the disjoint union Uqgs )^R,q, 
and denote by JCu^q the subcomplex ICu^q of ICr so that \ICii\ — Uggs l^i?,?!- We 
denote simply by tt and |7r| natural quotient maps from K-r and \ICr\ to K-r and 
\ICr\, respectively. Let Cr = Tr~^ (Cr), and let CR^q be the subcomplex Cr n JCr^q 
of X!^, for q ^ B. The subset |7r|~^(_B) in l^/jj is often confused with B in \1Cr\. 
The injection from Cr to X^^ and its underlying space map are denoted by z^ and 
«|£|, respectively. The G^^-actions on JCr, \ICr\ induce G^-actions on Cr, KLr, Cr, 
and their underlying spaces. We do not need define Cr. Here, we introduce the 
following notations: 

%=CR,qf^n-\v'), 

el^CR,qmT-\e'), 
DR^\CRs\n\7r\-\DR,), 
t)R^\7rr\DR), 

d'' =\CR^s\n\n\-\d'') 
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for g e S, i G Z„i^, i' e /. Some notatfons are illustrated in Figure [TUTT] Also, let 
c : Lu, — > Lb. be the simplicial map whose underlying space map |c| : \C,b\ — > \L,b\ 
satisfies 

x^\c\(x) and |7r|(a;) = |7r|(|c|(a;)) 

for each x G I'Cflj. And, put X(^ — x and x\ = \c\(x) for each x £ |>Cfl|. Now, we 
describe an equivariant vector bundle over |/Ch| as equi variant clutching construc- 
tion by using an equivariant vector bundle over |A^_r|. Pick a Gj^-vector bundle Vb 
over B such that (res^'' ^B)\q is x-isotypical at each q in B. We denote by Vq the 
isotropy representations of Vb at q for each q E B. Then, we have 

(10.1) Vb^G^x^g^),Vs and res^'^^^ Fg = res^"^" V^ 

wheni? 7^ Z„, {an,-b). De_fine VectG^(|/Cfl|, x)vb and VectG^(|^fi|,x)yB as before. 
We observe that VectG^(|/Cfl|, x)vb bas the unique element [Fyg] for the bundle 

_( U^qeB \ICR,q\xVq if i? = Z„ , (a„,-6), 

^^--\ GxX(G^), (|.^^,5|xF5) ifi?^Z„, (a„,-6). 

Henceforward, we use trivializations 

|£fl,,| X \/, for (resf4)^ Pvs)[^^j. 

for each q and i. Then, each E in VectG^(|/Cfl|, x)vb can be constructed by gluing 
Fvs = \M*E along \CR^q\'s through 

\LR,q\ X Vg ^ l-Cfl,?'! X Vq', {x,u) h^ (|c| (x), .^g (x)w) 

via continuous maps 

fq ■■ l^R^ql ~>lS0{Vq,Vq,) 

for x e I'Ciij^gl, u € Vij, i? = {q,q'} as we have done in Section 2] The union 
$ = UqgB V'q is called an equivariant clutching map of E with respect to Vb- This 
construction of E is denoted by Fv^/^- The map $ is defined on \Cr\, and we also 
regard $ as a map 

^f^l^^-B ^ ^fri-^Vfi, {x,u) i-^- (|c|(S),$(S)u) 

by using trivialization (I10.2p for each q E B, {x,u) € |>C_R„g| x Vg. Also, $ should 
be equivariant. An equivariant clutching map of some bundle in VectG^(|/C_R|,x)vB 
with respect to Vb is called simply an equivariant clutching map with respect to 
Vb, and let Hvb be the set of all equivariant clutching maps with respect to Vb- 
And, if we define ^Oj^y^^ as the set 

{ $15, I $ e ^Vb }, 

then the restriction map Q,Vb -^ ^Dr,Vb ^^ bijective, and 7ro(0yg) = 7ro(fif)^ Vs)- 
We call an equivariant clutching map $ the extension of $|£,^. And, denote also by 
Fvb/ ^\dr the bundle Fv^/^- Let C^{\Cr\,Vb) be the set of functions $ defined 
on \Cr\ satisfying $||£, \{x) £ Iso(V;j, Vg') for x e l-Ci^^gl and B = {q,q'}- We can 
define the quotient Fvs/'^ for any $ in C°{\Cr\, Vb)- And, let C°{Dr, Vb) be the 
set 

{$b^ \<^eCWCR\,VB)}- 
A function $ in C^{\Cr\,Vb) or a function $5,^ in G°(D_R,,yB) is called a pre- 
clutching map with respect to Vb- A preclutching map $ in G^d^Ci^j, Vb) is an 
equivariant clutching map with respect to Vb if and only if it satisfies the following 
conditions: 

Nl'. $(|c|(S)) = $(S)-i for each x g \Cr\, 
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El', ^{gx) = g^{x)g~^ for each x € \Cr(.\,g e G^. 

More precisely, if $ satisfies Condition Nl'., then the quotient Fy^/$ becomes a 
nonequivariant vector bundle. And, if $ also satisfies Condition El'., then Fy^/$ 
becomes an equivariant vector bundle, i.e. $ is an equivariant clutching map with 
respect to Vb- 

Second, we rewrite Section [5] We obtain Lemma [5.11 and [5.21 by replacing p,n 
with i|£| . Define zo, pn, p-kq as before by replacing il^ y with ^D^^y^ ■ We decom- 
pose ^Dj^y^- When R = Z„, (a„,-&), denote a pair {Ws,Wn) in Ag^{S'^,x) by 
{Wq)q(zB- And, pick the G^-vector bundle Vb over _B such that Velg = W<j for each 
{Wq)q^B e AGJ^^X) and q€ B. Define ^Dh.cw',),^^ = {Pno P^o)~^{{Wq)q^B)- 
Then, we obtain ^Dj^y^ — ^Of^iw ) ^b because Vb and {Wq)q^B can be regarded 
as the same G^-bundle over B. When R ^ Z„, (a„, — &), put 

for each (VFdi)ie/+ ^ ^G^C'^'^, x)- Then, we obtain the decomposition of ^DayB by 



replacing ^^^ ryy .\ of (|5.3p with ^2^,^ (^y .j ^ . Proposition 15.31 holds if 

(1) we replace (W^dO»e/+: ^£>«,(W^O,er+ "^^^^ i'^q)qeB, ^5„,(w,),es when i? = 
^n, {o-n,—b), respectively. 

(2) we replace Ha ,^^ ■. with il^, ^w ,•, when R ^ Z„, (a„, -6). 

Third, we rewrite Section [8] To begin with, we define some sets of equivariant 
pointwise clutching maps. For each x in \Cfi\ and x — |7r|(S), put x = |7r|^^(x) = 
{xj\j € Z2}, and let Ax be the set of equivariant pointwise clutching maps with 
respect to the (G^)2;-bundle ( res^^ •. Fy^) |x- Also for each edge e in £fi, n{e) = e, 
X in |e|, put x — |7r|^^(x) — {xj\j € Z2}, and let Ag be the set of equivariant point- 
wise clutching maps with respect to the (Gx)|e|-bundle (res^g s -FVb)|x where 
vAg's for different x's are identified as in Section [51 We can define saturations on 
Ax and elements of it, and also group actions on saturations. Evaluation maps 
Ax -^ A'^ and Ag — >■ Ag are bijective for any x £ \Cii\, e G Cr. With these, we can 
rewrite Theorem 18.81 



Theorem 10.1. Assume that pr(i?) — T^mDn ■ Then, a preclutching map '&5^ in 
G''(Z)/j, Vb) is in ^/j^ y^ if and only if there exists the unique ips S Ax for each 
X € Dfi satisfying the following conditions: 

E2'. V's(S) = $5„(S) for each x G Dr, 

E3'. for each x, x! G -D_r and x = |7r|(x), x' = |7r|(S'), ifx' = gx for some g G G^, 
then ipx' ^ g ■ ipx- 
The set {ipx)x£Dn. ^^ called determined by $5„. 

In cases when R = Z„, (a„, —b), Theorem 1 10. H is sufficient to calculate the homo- 
topy 7ro(r2jj^ y^), but in other cases we need more. In the remaining of this section, 
assume that R 7^ Z„, (a„,— 6). With exactly the same definition of Aq {S'^,Vb), 
we can rewrite Corollarv l8.11l 

Corollary 10.2. The set ^Qj^ y^ is equal to the set 

\ $5^ G C'^{Djf, Vb) ^Dai^) ^ -^g fo''' each x and any e such that x G |e|, and 
*5jd") = 4'AdP), ^Dnid") = ^Ad") for some (^,-0.6/ G Ag,{S\Vb) }. 

By using this, we would show nonemptiness of ^£)„ (w A. +■ ^^^r this, we need 
a lemma. 
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Lemma 10.3. For each {Wcii)i^i+ G Aq {S'^,x), if we put 

then each Ax for x G [(?,(?] is nonempty. And, we can pick an element {il!^i)i(zj 
in Ag^IS'^^Vb) which determines {Wiii)i^j+. 

Proof. For each i £ I, put x = |7r|^^((i*) = {xj\xj = d' for j E Z2}. If we put 
F, = (res^^G ) ^ -FyB)|x and N2 = {G^)d^, then iVi = (Gx)d- % Table 1X1 and 
(|10.ip . at least one of F^'s satisfies Condition F2. except two cases R — Zn x Z 
with odd n, (— a„) with even n/2. Then, we obtain nonemptiness as in Lemma 18.121 
in these cases. In the remaining two cases, (Gx)s = H for each x G [d'^,d^] by Table 
IXil and F,'s satisfy Condition Fl. because res^''^'' Vs = res^^^" Vn by pUH . 
So, we obtain nonemptiness by Lemma 16.41 The second statement is proved as in 
Lemma EH n D 



By using these, we obtain nonemptiness of ^Qj^jw t) 



ei+ 



Proposition 10.4. For each (VFdi)ie/+ G ^Gx{S^,x)7 ^^2 set ^Dr,{w t). + *■' 
nonempty. 

11. Proof for cases when pr(p(Gx)) = Z„, D„ 

In this section, we calculate homotopy of equivariant clutching maps in cases 
when pr(it!) = Z„, D„ . We parameterize each edge \eg\ in |^fl,s| for < i < mR—l 
by the interval [i,i + 1] linearly to satisfy Vg 1^ i when mn > 3. The vertex Vg is 
parameterized by or m^j according to context. First, we deal with cases when 
i? = Z„, (a„, —b). Similarly to Lemma 18.21 we easily obtain the following lemma: 

Lemma 11.1. Assume that R — Z„, (a„,— 6). Then, 






res,^ ^ Es = res,^ s Em 



for each E in Vectc^ (|/Ci?|, x) and x G \^ii\- 

Proof. In these cases, the great circle passing through N,S,x is fixed by {G^)x 
because Gy fixes B. From this, we obtain a proof by Lemma [521 D O 



This lemma says that Pvcct is well-defined in cases when R — Z„, (a„,— 6). In 
other cases, Pvect is well-defined by Lemma 18.21 and Lemma 13.101 For a path 7 
defined on [0, 1], define a path 7_i on [i, i + 1] as j-i{t) = ^{t — i) for i E Z. 

Proposition 11.2. Assume that R — Z„. Then, Theorem\^ holds for the case. 

Proof. For simplicity, we prove the proposition only when mR — n> i. Other cases 
are similarly proved. For each {Wq)q(zB in Aq_^{S'^,x)^ pick the G^-bundle Vb over 
B such that VbI^ = Wq for q E B. Proof is similar to Proposition 19.21 

In this case, {Gx)x — H for each point x in \Cb\ by Table [X^ so that Ax — As 
and .4? = Isoh{Vs, Vn) by Lemma lOl for each x E \Cr^s\ and e E Cr^s which are 
nonempty by Lemma 110.31 Let g^ be an element in G^ such that p{go) = an, i.e. 
god^ = d^. Similarly to Corollarv ll0.2l i^f)j^^(^w ) ^b ~ ^Dr,Vb ^^ equal to 

{$5„ E C"{Dr, Vb) I $5„(x) E Isoh{Vs, Vn) for each x E Dr, 

and<^BAd')=go'i>DA^)9o'} 

by Theorem llO.il Pick a point * in 1soh{Vs,Vn), and put *' = go * .9(7^- Since 
IsoniVs, Vn) is path-connected, we may assume that each element ^jjj^ in ^jj„ Vb 
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has *,*' at c!P,d^, respectively. Then, it is easy that 7ro(rj^^ y^) ^ Z by Lemma 

m 

Let 7o : Dji = [0, 1] — >■ Isoh{Vs, Vn) be an arbitrary element oiQj^^y^ such that 
7o(0) = *, 7o(l) = *', and let ctq : [0, 1] — >■ Isoh{Vs,Vn) be a loop such that cro(O) = 
fo(l) = * and [ao] is a generator of tti(^Isoh{Vs, Vn), *)■ So, ctq-To is contained in 
^Dr,Vb- ^^ would show that the difference ci(iVB/c^o-7o) — ci^Fyg/^o) is equal 
to nx{id) up to sign where Ir = n. For this, we need to describe the equivariant 
clutching maps precisely. Let $ = Uqgs (pq be the extension of 70, i.e. ifsit) = 7o(i) 
for t £ [0, 1]. By equivariance of $, 

= 5o7o(t - i)go' 

^ 9"o{lo)-^{t)go' 
for < i < n - 1 and t e [i,i + l]. That is, 

^s = 70 V (gn(7o)-i5o"') V • • • V (<?r'(7o)-n+i5o~"+'). 
And, let $' = Uggs <y9' be the extension of o'o-7o- Then, 

(11.1) (^'s = ((7o.7o) V (5o(fTo.7o)-i5o"') V • • • V (5r'K.7o)-n+i5o'"+'). 

Here, go{(Jo-lo)-igo^ for < i < n — 1 is equal to 

5o(<^o)-« go' ■ 5o(7o)-* go\ 

and we can move gQ(cro)^i ffg^^s in (jll.ip (nonequivariantly) homotopically to *. 
For example, 

[(cro.70) V {go{(Jo)-i 5(7^ ■ .9o(7o)-i 5o"^)] 
= [(f^o-7o-.9ocro5o"^) V (go(7o)-i go^)] 
=[(<^o-7o"\goCTog(7^).7o) V (50(70)-! 3(7^)] 

= [((70. (To -70) V (.90(70)-! .9o"^)]- 

Since (p'g contains n (Jq's, difference between Chern classes is nx{id) up to sign by 
Lemma 17.11 And, we can conclude that ci on f^i)^ Vb ^^ injective and its image 
is equal to the set {x{id){nk + fco) | fc G Z} where fco is dependent on the pair. 
Therefore, we obtain a proof bv Proposition l5.3l fl'). D D 



Proposition 11.3. Assume that R = (a„,— 6). Then, Theorem \^ holds for the 
case. 

Proof. For simplicity, we prove the proposition only when mn > 3. Other cases are 
similarly proved. For each {Wq)q^B in Ao^{S'^,x)j pick the G^^-bundle Vb over B 
such that Vslq = Wq for q e B. 

In this case, {G^)x = H and A% — 1soh{Vs, Vn) for each interior x G Dn and 
its image x — |7r|(x) by Table 15^ and Lemma [53 Here, Iso h{Vs, Vn) is nonempty 
by Lemma [10.31 Similarly, A^ = IsO(g^)^(Vs, ^w) is nonempty for x = dP.d^ and 
its image a; — |7r|(.T). Similarly to Corollarv 110.21 ^£)^.(v^- ) ^^ ^ ^Dr.Vb ^^ equal 
to 

{$B„ e C\Dr, Vb) I $B«(x) e Isoh{Vs. Vn) for each x e Dr, 

and $£,^ {x) £ A% ior X = (P ,d^\ 

by Theorem 110.11 Then, we obtain a proof by Lemma 17.41 because the inclusion 
from IsO((3 )^ (V5, Vat) to Isoh(T^s, Vat) for x = d°, d^ induces surjection in the level 
of fundamental groups by Lemma 17.21 D D 
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Proposition 11.4. Assume that R is equal to one of the following: 

DnXZ, even n, {—an,—b), odd n/2, {—an,b), odd n/2, 

Z„ X Z, even n, {—an), odd n/2. 

Then, Theorem\^ holds for these cases. 

Proof. Proof is similar to Proposition 19.11 D D 

Proposition 11.5. Assume that R = D„ . Then, Theorem\^ holds for the case 
where Ir = 2n. 



Proof. Proof is similar to Proposition 19.21 D D 

Proposition 11.6. Assume that R is equal to one of the following: 

DnXZ, odd n, (— a„,&), even n/2, {—a„,—b), even n/2. 

Then, Theorem]^ holds for these cases. 

Proof For each (WdO»e/+ in Ag^{S^,x), Put Vb = G^ ><(G^)^„i W^-i. In these 
cases, Ax is nonempty for each x £ Dji by Lemma ll0.3l Let us investigate Ax more 
precisely. First, {G^)x = H and A^ — Isoh{Vs,Vn) for each interior x € Dr and 
its image x = |7r|(a;) by Table [3^ and Lemma \QM Also, {G^)x/H = Z2 for x = d^ 
or d^ (say it d°), and p{[G^)x) has an element of the form —a\J] fixing S for some 
i by Table [3!11 From this, (G^)j;o fixes the great circle containing S,N,d^ so that 
Vs and Vn are (G,(.)^o -isomorphic as in Lemma 111.11 And, A%a is homcomorphic 
to IsO(G^)^Q(]/g, Vn) by Lemma WM Pick an element ipgi in Agi which determines 
W^i. Note that d^ and d^ are not in a G^^-orbit because one is a vertex and the 
other is not a vertex in Dr by Table 11.11 Similarly to (|8.ip of Proposition 18.131 
^BR,(w^.).e,+ is equal to 

{$^^ G C\Dr, Vb) I $D«(S) G Isoh{Vs, Vn) for each x € Dr, 

^D,{dP) e IsO(g,)^,{Vs,Vn), and $5^^^) e (-4,-0°,,} 

by Theorem 110.11 which is nonempty by Proposition 110.41 Here, {A^i)^-^ is simply 
connected by Proposition 16.81 because {G^)di/H = Z2 and d^ , \c\{d^) are in a 
G^-orbit by Table [3^ And, the inclusion from Is0(g-^) o(^s,Vn) to Isoh{Vs,Vn) 
induces surjection in the level of fundamental groups by Lemma 17.21 Therefore, we 
obtain a proof by Lemma 17.41 D D 

Now, we deal with remaining two cases i? = Z„ x Z with odd n or (— a„) with 
even n/2. For a path 7 defined on [0, 1], define a path 7*'' on [0, 1] as 7*''(i) = 7(1 — t) 
forie [0,1]. 

Proposition 11.7. Assume that R = T^n ^ Z with odd n or (— a„) with even n/2. 
For each triple {Wcii)i^j+ G Ag^{S'^,x), we have 

And, Ci(^Fvb/^) is constant for ^ in ^Qj^tw i). + when Vb — G^ ^(G^) -1 ^d-^- 

Proof. In these cases, Ax is nonempty for each x G Dr by Lemma 110.31 Since 
{Gx)x — H for each x E Dr and its image x = |7r|(a;) by Table [3^ the triple 
satisfies 

Wd-i = Vs and Wa^ ^ res^''^^ Vs 
for i G I hy Definition ll.il i.e. each triple is determined by the third entry W^-i. 
So, ^Dr,{w i). + = ^Dr,Vb because Vr is also determined by W^-i. And, .4? = 
v4g — Isoh{Vs,Vn) for x S |'Ci?,s|, e g Cr^s by Lemma [Ol so that 7ro(-4?) = Z by 
Schur's Lemma because Vs is _ff-isotypical. 
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Let go G G^ be an element such that 

(1) p{go) = —cin if p[G^) =1^,-1 X Z with odd n, 

(2) p((7o) = —dn if p{Gx) — {~o-n) with even n/2. 

In both cases, g^Vg — v'^j^^ for each i e Z„ij( in Cb- Similarly to Corollary 110.21 

^Dn,{W^i}^^,+ = ^Dn^VB ^^ ^qual tO 

{$c« e C°(5fl, Vb) I $z5«(.t) e Isoh(V^s, Vn) for each S e Dr, 



by Theorem llO.il Pick an element * in A^o = IsOi/(T/s, VAf), and put *' =30* ^5o ^ 
in yl^i = Isoh{Vs, Vn). Since Isoiy(Vs, Vn) is path-connected, we may assume that 
each element $/)^ in f^£i^ Vs satisfies 

<f>sjd") = * and c&^Jd^) = *'. 

So, Tro{^Da,VB) — ^ by Lemma [7^ because 7ri(lso/f (1^5, Vat)) = Z. 

Next, we calculate the first Chern class. Our calculation is done in a similar 
way with Proposition 1 1 1 . 2l Pick an arbitrary element $5^ in ^Dr,Vb such that 
$^^((J°) = * and *5„(di) = *'. Put 7(f) = $£,^(t) on t G [0,1].' Take a loop 
ctq : [0,1] — > Iso/f (V5, Vat) such that cro(O) = o'o(l) = * and [o-q] is a generator of 
TTi (IsOi/ (Vs , Vw), *)• To prove our result, we only have to show that ci (^Fvg/crQ.j) — 
ci{Fvb/j) where cro-7 is in ^s^^y^ by CoroUarv 110.21 Let $ = U^gs fq be the 
extension of 7, i.e. V35(t) == 7(t) on t G [0, 1]. Then, equivariance of $ shows that 

fs{t) = go'PN{go^t)g^^ 
= 9Q'Ps{go^t)^^go^ 

for t € [1, 2]. That is, ips = j A gojZlgo^ on [0, 2]. By using this, if $' = U^gs y^, 
is the extension of tTo.7, then we have 

ip's = (T0.7 A go{{(To)zl ■ iZl)go^ 



CTo-7 A (^go{cro)_lgo ^ . gaj^lgo ^ 



on [0,2]. Here, two generators [cto] in 7ri(lso/f (V5, VAf), *) and [5o(o'o)li5(r^] in 
7ri(lso//(T/5, Vat), *') cancel each other in 7ri(IsOi:/(Vs, Vat)). This is in contrast 
with the calculation of Proposition 111.21 Since the whole ips and ipg are equiv- 
ariantly determined by 7 and (Tq-j as in the proof of Proposition 19.21 we obtain 

ci{FvJao.j)^ci{FvJj). D D 

The proposition says that Proposition 15.31 does not applies to these two cases. 
So, we need to apply Lemma [5?^ to these cases. For this, we prove two technical 
lemmas. 

Lemma 11.8. Assume that R = lin x Z with odd n or {—an) with even n/2. For 
each {Wd^),<zi+ e Ag^{S^,x). put Vb ^G^x^g^)^_^ Wd-i- Letrjs : |^i?,5| xVs ^ 
|^fl,s| 'x Vs be a (G^) s -isomorphism. For an element g in G^ such that gS = N, 
let rjN ■■ {ICr^nI xVn ~> \ICb.,n\ x Vn be defined by r]N{x) = gris{g~^x)g^'^ . Then, 

(1) 77 = Uqgs rjq is the unique G ^-isomorphism of Fy^ extending rjs- 

(2) For a map $ = UgsB Vi *'^ ^Vb^ the map $' = Uqss ^q "^^^h ip'^ = 
Vq'VqVq^ IS also an equivariant clutching map satisfying the following com- 
mutative diagram 
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\/^R,q\ X Vg -^ \CR.q\ X Vq 

fq 

- ^ ''<!'l|£„„/l_ 

when B — {q, g'}. 

Proof. WcU-dcfinedness is an only issue here, and normality of {G^)s = {G^n in 
G^ is used for this. D D 

Remark 11.9. 

(1) In this lemma, 77 gives a G^-isomorphism between Fyg/$ and Fvg/^' ■ 

(2) Let r]s,t for i € [0, 1] be a homotopy of (G5^)s-isomorphisms of |^fl,s| x ^S- 
Let $j = Uqes "i^g,* fo'" 6^<^h i € [0, 1] be the equivariant clutching map 
determined by rjs^t and $ in this lemma. Then, Fv^/^o and Fv^/^'i are 
G^-isomorphic by Lemma |5. II D 

Lemma 11.10. Assume that i? = Z„ x Z with odd n or {—an) with even n/2. 
For each {Wdi)iei+ G Ag^{S'^,x), put Vb == G^ X(Gx)^_i W^-i- Then, each G^- 
isomorphism rj — Uggs 7/q of Fy^ is equivariantly homotopic to a G ^-isomorphism 
77' = Uqgs 77' of Fvg such that 

^sl|4|u|gi,| = 7A (7*'')-i 

/or some /oop 7 : -0^ = [0,1] — > Iso/f(V5') satisfying j{vg) = 7(^5) = id where 
(7*'")_i is defined on [1,2]. 

Proof. Note that i?5 = ^mnji foi' both cases, and pick an element g\ E (G^)s 
such that giVg = Vg. Consider |^_r,5| as the quotient |>Cii;,s| x [0, 1]/|£_r^5| x 0, and 
parameterize points of it by {x,t) with x e |>Cr.s| and t e [0, 1]. Let ji : [1/2, 1] -^ 
Isoh{Vs) be paths such that 

7,(1/2) = rjsiv's). 7^(l) = id, 72(i) = 5i7o(i)ffr' 
for each t, i e {0, 2}. Then, define 

V's : \Cr,s\ X [0,1/2] U (u,=o,2 («s x [1/2, 1])) -^ Isoh(Fs) 

to satisfy 

Vsix,t) ^ 7jsix,2t) for ie [0,1/2], 

V'si^s^t) = 7^(i) for t e [1/2, 1], 7 G {0,2}. 

We can extend rj's to \Cr,s\ x [0, 1/2] IJ (|4l U |4l) x [1/2, 1]. Then, 77^ is equiv- 
ariantly extended to all |^fl,s| so that 7;^ is a (G^)s-isomorphism of |^fl,s| x Vs. 
Since 77^ is defined on |^fl,s|: Vs\\Cr s\ ^^ ^ (nonequivariantly) homotopically triv- 
ial map when we consider 7;^||£^ g| as a map from S^ to Isoh{Vs). Let a : \e^\ U 
\eg\ — >■ 1soh{Vs) be the restriction 775||go |u|ei |. Note that a{vg) — a{vg) ~ id. 
Since '?sl|£„s| is the G^^-orbit of a, a should be also (nonequivariantly) homo- 
topically trivial. Therefore, we may assume that a = 7 A (7*'^)-! for some loop 
J : Dr^ IsOi/(Fs) satisfying 7(7;^) = 7(5^) == id . D D 

Now, we can prove Theorem [Bl 

Proof of Theorem\^ For each (Wdi)ie/+, Pnt Vb = G^X(^g^) _iM^d-i- Since ^o^^yg 
= il£i^_(vK i) _!_ as we have seen in the proof of Proposition ! 1 1 . 71 we havep~(,(,t((W^dOie/+] 
= Vectc^ {S^7X)vb ■ So, it suffices to show that the set Vectc^ ('5'^, x)vb tias exactly 
two elements for each Vb to prove the first statement. 
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Let $ = Uq(zB ^q be a map in flvB- Put $((?) = * and $((i^) — *'. Let go G G^ 
be the element in the proof of Proposition 111.71 such that goVg — v'^j^^ for each i. 
We would determine which classes of ^d„ Vb S^^® isomorphic equivariant vector 
bundles. Take a loop o-q : Dr = [0, 1] — )■ Isoj;f(ys) such that cro(O) = cro(l) = id 
and [gq] is a generator of tti ( 1soh{Vs), id ) . For each G;^-isomorphism 77 = U^gs rjq 
of Fvg , we may assume that '7s||e'' |u|ei,| = ""o ^ ('^o'^)-i ^o^' some j G Z by Lemma 

[iTTol Put 

(/35(S) = 'qN(\c\{x))ips{x)ris{x)~^ 
for all a; € Dj^. By cquivariance, 

w(|c|(S)) = go^-ns{9o\c\(x))gQ = 5o"^?7s(S + l)5o- 
Since ?7s||4|u|4l = c^o ^ KO-i> 

"P'si.^) = SeT^ cro'^(S)-' 50 ^six) cro(S)--' 

for i S Dji. And, this path is nonequivariantly homotopic to Lps{x)<yQ{x)~'^'^ in 
[[0, 1], 0, 1; Iso_H'(ys, V/v), *, *'] ■ Since each class in ^Q^^y^ is nonequivariantly ho- 
motopic to one of ips{x)a[j{xy for i € Z by Proposition 111.71 this says that the 
equivariant vector bundle determined by an equivariant clutching map on Dji 
with respect to Vb depends only on the parity of i by Lemma 15.21 Therefore, 
Vectc {S'^,x)vb have two different G;(--bundles. By the arguments on parity, we 
similarly obtain the second statement. D D 

12. Proof for cases when pr(p(Gx)) = S0(2), 0(2) 

Assume that p{G^) — R for some one-dimensional R in Table [Ol In these 
cases, S"^ can not have equivariant simplicial complex structure. So, we introduce 
new notations. Consider the disjoint union S'^ — S'gH Sff of the lower and upper 
hemispheres ^l and S% of S^ , and denote by Sg and Sff hemispheres Sg and Sff 
in S'^, respectively. Denote by tt the natural quotient maps from S"^ to S'^. Denote 
by Sg and S^j boundaries of Sg and S]^ in 5^, respectively. And, denote by S^ 
the disjoint union Sg 11 5^ which is the preimage of the equator through n. Put 
B = {S,N} C S'2 on which R (and G^) acts. The subset Tr-[{B) in S'^ is often 
confused with S in S''^. Denote by Vq be the point Tr~^{v'^) H Sq ior q G B where 
v" = (1, 0, 0). Note that if i? = S0(2), (S0(2), ~b), then R fixes B, and otherwise R 
acts transitively on B. We can redefine notations Vb, Fvg, *&, FvbI'^j ^n, Pn, Ptto, 
^Vb,_--- of Section [IO] by replacing I /Cfl I, \ICr\, \iCR.q\, \Cr\, |£fl,q| with 5^ 5^, 5^, 
S^, Sq, respectively. Here, notations for cases when R — S0(2), (S0(2),— 6) and 
R ^ S0(2), (S0(2), —b) are redefined in the same way with cases when R = Z„, 
(a„, —b) and R ^ "Zn, {a-n, ~b) of Section [jni respectively. 

Put X — {xj I J G Z2} with xo = Vg and xi — v'j^. Let AyO be the set of cquivari- 

ant pointwise clutching maps with respect to the (G;^) 1,0 -bundle (res^^ ^ -FVbJIx- 

Proposition 12.1. Assume that R is equal to one of the following: 

0(2) X Z, 0(2), (S0(2), -02). 

Then, Theorem]^ holds for these cases. 

Proof Put Vb = G^ X{G^),-, Wa-i for each (W^rfO*e/+ in Ag^{S^,x)- By Propo- 
sition [231(2), we only have to show that 7ro(ri(vi/ i). +) consists of exactly one 
element for each (Wrfi)ie/+- First, we show nonemptiness of AyO . For those R's, 
the (Gx)^,o-bundle F — {ks,^ •. Fvb)\x satisfies Condition F2. by Table [331 
Since dP = d^ ~ v'^, we have W^o = W^i which is an (G;^)„o extension of F^^ = 
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^^^(g'^) n(G ) ^d-^ bv Definition ll.il This means that ^^o is nonempty by Theo- 
rem l6.6l as in the proof of Lemma [5. 121 Pick an element ^/igo in A^go which determines 

Consider the evaluation map at 5^ 

By definition of ^(w i). +, the isotropy representation {FvB/^)d° for each <J> is 
isomorphic to W^q so that $(w^) is contained in (^^o )° ^ , i.e. the evaluation map 

is well-defined. We show that it is a one-to-one correspondence. For those i?'s, Gy- 
acts transitively on S^ . So, each map $ in fly^ is determined by ^{v%) through 
equivariance, and the evaluation is injective. For each ip in {A^o ).0_o , we construct 

a map <& to satisfy 

for each g e G^, especially $|x = '0- We can show that this is a well-defined 
equivariant clutching map with respect to Vb so that the evaluation is surjective. 
And, it induces the bijection from 7ro(ri(vy ;) . ^ ) to a one point set ttq {{AyO )^_(, ) . 
Therefore, we obtain a proof. D D 

Proposition 12.2. Assume that R is equal to one o/SO(2), (S0(2),— 6). Then, 
Theorem holds for these cases. 

Proof. Pick a G;^-vector bundle Vb over B such that VbIq = Wq for each pair 
{Wq)qeB G ^G^iS'^iX) a-iid 9 G S. By Proposition 15. 3l f2). we only have to show 
that 7ro(ri(vi/ ) g^) consists of exactly one element for each {Wq)q(zB. For those i?'s, 

the (Gx)i,o-bundle F = (reS/^ ^ Fvb)\5<. satisfies Condition Fl. by Table [3^ and 

Definition ll.il This means that A\ is isomorphic to nonempty IsOi:/(l/s, Vtv) by 

Proposition [nm Consider the evaluation map at v'g 

In these cases, G^ acts transitively only on S^, but each map $ in fivg is de- 
termined by $(^5) through equivariance and inverse. It can be shown that the 
evaluation is bijective as in Proposition 112.11 And, it induces the bijective map 
from 7ro(ri(vi/ ) g^) to 7ro(y^?o) which is one-point set. Therefore, we obtain a 
proof. D n 

13. Equivariant line bundles over effective G^^/iJ- actions 

In this section, we prove Theorem IDJ and calculate Chern classes. Since H is the 
kernel of the G^-action on 5^, S^ delivers the G;^/iJ- action. Since p{Gy) = R for 
some R of Table [TTT] bv assumption, we may assume that G^/H is equal to R and 
the G^/i/-action is equal to the i?-action on S"^. 

Proof of Theorem O We prove this only for the case when R = Zn because other 
cases are proved similarly. Let U be the _ff-representation with the character x- 
Let U he a, (G^)q-extension oi U ior q e B whose existence is guaranteed by 
Theorem |14. II Pick a bundle E in VectG^{S'^,x)i and put {Wq)q(zB = Pvcct{E). 
Then, Wq's are direct sums of C7(8)ri(Z)'s by Corollarv ll4. 21 because {Gy)q/H = Z„ 
for q e B. Pick arbitrary direct summands ?7(8)0(^o) and U(^Q{li) of Ws and Wn, 
respectively. Define (VF^)geB by 

W's^U(^Q{lo) and W'N = U®nili). 
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By definition of Ac^{S^,x)^ tlie pair {Wg)q^B is contained in Ag^{S^,x)- Since 
Pvect((^ij)ges) is nonempty by Theorem Rl tliere exists a bundle L witli rank 
x(id) in Vectc {S^, x)- Existence of L proves the isomorphism by |CKMS[ Lemma 
2.2]. By similar arguments, we can show that Afi{S^, id) is generated by all the 
elements with one-dimensional entries. By using this and Theorem \^ [B] we can 
show that Vectii;(S'^) is generated by line bundles. 

Now, we calculate the number of elements in ylfl(5^,id) with one-dimensional 
entries. By Definition 11.11 each pair {Wq)q^B in Rep(i?)^ is in Aji{S^, id), i.e. 
there is no relation between Ws and Wn- Since the number of one-dimensional 
representations in Rep(i?) is equal to n = \Rs\ = \Rn\, we obtain a proof. D D 

Remark 13.1. We explain for the reason why we prove the isomorphism of Theorem 
|D]only for i?'s appearing in Theorem 1X1 IB] In the proof of Theorem iDl existence 
of (G;^)g-extensions of U for all q or (G'^)£ji-extensions of U for all i is critical 
according to R. But, such existence is not guaranteed if Rq or R^i is isomorphic 
to D2m for some m by [CMSi Corollary 3.5.(2)], and almost all i?'s appearing in 
Theorem [C] satisfy that Rq or R^ii is isomorphic to D2m for some g or z according 
to R. So, we can not obtain the isomorphism for such _R's. The inextensibility does 
not happen in dealing with equivariant vector bundles over circle. D 

In the below, we use the notation W to denote an element in ^^^(5*^, id) with one- 
dimensional entries. We would calculate Chern classes of line bundles in Vectfl(S'^). 
Especially, we would calculate ko of Theorem [X] which is dependent on W. Denote 
it by fco(W) to stress its dependency. By Theorem 1X1 fco(W) is determined up 
to In ■ Z, i.e. fco(W) lives in Z/^. More precisely. Theorem \K\ savs that fco(W) is 
congruent modulo Ir to ci(i) for any hue bundle L e p^^^^(W). So, we will calculate 
ci(L) (mod la) for one bundle L in p^^^^CW). In doing so, ci(L) is expressed by 
using W = {Lq)q(zB or W — (idOje/+ according to R. When n G N is understood, 
put ^0 — exp(27r\/— 1/n), and let i7(/) for ? G Z„ be the one-dimensional Z„- 
representation satisfying a„ • u = ^qW for each w G C Then, we have the following 
well-known result: 

Lemma 13.2. Assume that R — Z„. For any line bundle L in Vectij(S''^), if Lq = 
fl{lq) for q E B, lq <E Z„, then ci{L) = Ipf — Is (mod n). 

We obtain similar results for cases when R — D„, Z„ x Z with odd n, or {—an) 
with even n/2. 

Lemma 13.3. Assume that R = D„ . For any line bundle L in Vect/j(S'^), if 
Lq = fl{lq) for q (z B, lq (z Z„, then In = —Is (mod n), and ci{L) is congruent 
modulo 2n to 

-2/5 if Ldo = Ldi, 

-2ls + n if Lao m Lai. 

Proof. The first statement easily follows from the relation banb~^ = a~^. To prove 
the second statement, we would construct line bundles L' in Vectfl(5'^) such that 
L' = fl{lq). Pick the i?-bundle Vb over B such that 

a^i ■ V — ^q' V and b ■ v ~ v 

for q £ B and v £ Vq — C And, define Fy^ as Ilggs \K^R,q\ x Vq such that 

g- {x,v) = {g-x,g-v) 

for g G -R, q G -B, x G \ICB.,q\, v G Vq. We calculate Ax. Let ipo be the element id in 
Iso(Vs, Vat) = Iso(C). Then, we can show the following: 
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(1) A\ — {fo, ^fo}- And, iff), —(fio determine (5) -representations r2(0), ^(1), 
respectively. 

(2) ^0(goj = {CcT'^o, -CcT'^o}- And, CcT'^o, -^cT'Vo determine (a„6)- 
representations ri(0), ^(1), respectively. 

(3) Al = Iso(F5, Fjv) = Iso(C) for each interior x of [wg, &(4)]. 

By using the parametrization on |£_r,s|, we can define two equivariant clutching 
maps $ and $' with respect to Vb which satisfy 

$(i) = cxp ( ^-^^ j ipo and $'(i) = exp ( ^^^ ^^ J ipo 

for t £ [0,n]. And, we can show the following: 

(1) L'^_i ^ n{ls), L'^o = ^(0), L'^i '^ n{0), and ci(L') = -2ls (mod 2n) for 

(2) L'^_i =h{ls), L'^o = ^(1), i'rfi = f^(l), and ci(L') = -2/s (mod 2n) for 

(3) L'^_i ^ f](;s), i'do = ^(0), L'^^ = 0(1), and ci(i') = -2?s + n (mod 2n) 
forL' = Fy^/$', 

(4) L'^_i ^ 0(/s), L'rfo = 0(1), L'^^ ^ 0(0), and ci(i') = -2ls + n (mod 2n) 
forL' = Fy^/-$'. 

Images of these four line bundles through Pvoct are four W's in Afi{S^, id) whose 
Wii-i-entiy is isomorphic to 0(^5). Therefore, we obtain a proof. D D 

Remark 13.4. We explain for how to calculate fco(W) for cases when R — T, O, 
I. Let W = Pvcct{L) for some line bundle L in Vect_R(5'^). Then, it suffices to 
calculate ci(L) (mod In)- Note Ir = \R\ in these cases. For a 2-Sylow subgroup P 
of R, observe that the restricted P-action on S"^ is conjugate to D^ for some m. 
Then, we can calculate ci (L) (mod 2m) by applying Lemma 113.31 to resp L where 
I Dm I = 2m. For other prime number p dividing \R\ and ap-Sylow subgroup P of i?, 
observe that the restricted P-action on 5^ is conjugate to Zp, and we can calculate 
ci{L) (mod p) by applying Lemma 113.21 to reSp L where |Zp| = p. So, we can 
calculate ci{L) (mod lu) by Chinese Remainder Theorem because Iji — \R\. D 

Lemma 13.5. Assume that R — Zn x Z with odd n. For any line bundle L in 
Vectii(S'^), if Lq = Vl{lq) for q £ B, Iq £ Z„, then l^ = Is (mod n), and ci{L) is 
trivial. 

Proof. The first statement easily follows because a„ and — id commute in R. To 
prove the second statement, we would construct a line bundle L' in Vectfl(5^) such 
that L' = 0(Zg). Pick the P-bundle Vb over B such that 

a-n ■ V — ^q'u and — id -w = w 

ioT q £ B and v £ Vq = C. And, define Fy^ as UqeB \^R,q\ x Vq such that 

g- {x,v) = {g-x,g-v) 

for g£R, q£B,x£ |/C_r,ij|, v £Vq. Then, we can define the equivariant clutching 
map $ with respect to Vb which satisfies $(a;) = id € Iso(V5, Vn) = Iso(C) for each 
X £ Cr.s- For L' = Pyg/$, the Chern class ci(L') is trivial. Since two equivariant 
vector bundles in Vectfl;(S'^) with the same isotropy representation at each d' have 
the same Chern class by Theorem [Bl we obtain a proof. D D 

Lemma 13.6. Assume that R = (— a„) with even n/2. For any line bundle L in 
Vecti<:(5^), if Lq = n{lq) for q £ B, lq £ Z„/2j then l^ = Is (mod n/2), and ci{L) 
is trivial. 
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Proof. Similarly to Leinnia ll3.3l and Leinnia ll3.5[ the first statement can be proved 
by using the fact that i? is a cyclic group. To prove the second statement, we 
would construct a line bundle L' in Vcctj^(S'^) such that L' = n{lq). Put cq = 
exp ( ^TTisV"^ ^ gQ ^^^^ ^2 ^ ^is ^Yiere ^q = exp { ^""^ )■ Pick the i?-bundle Vb 
over B such that 

-On ■ V ^ CqV 

ioT q e B and v £ Vq ^ C And, define i^y^ as Ilges l^i?,,?! x Kj such that 

g- {x,v) = {g-x,g-v) 

for g £ R, q G B , X E \iCii.q\; v £ Vq. Then, the remaining is the same with Lemma 

MM ' ' ' D D 

14. Appendix: representation extension 

Let A'o and N2 be compact Lie groups such that Nq < N2 and N2/N0 = Z,„. Let 
oo be a fixed generator of N2/N0, and let il{l) be the representation defined by 

N2/NQ X C ^ C, {ao,z)^ cx.p{2TTlV^/m)z 

for Z £ Zjn- We also consider n{l) to be an 7V2-representation via the projection 
N2 — > N2/N0. Then, we obtain the following result from [CMS] : 

Theorem 14.1. For U £ Irr(Ao), if the character of U is fixed by N2, then there 
exists an N2-extension of U. If U is an N2-extension of U, then the number of 
mutually nonisomorphic N2- extensions ofU is m and they are U ®^{l) for I £ "Lm- 

Proof. By [CMSl Theorem 3.2.], U has m mutually nonisomorphic Af2-extensions. 
Call one of them U . By [CMSi Proposition 3.1.] and its proof, each extension of U 
is expressed as tj ®Vt{l) for some / £ Z^. D D 

Corollary 14.2. Let U be an irreducible No-representation whose character is 
fixed by N2, and U be an N2- extension of U. If W be an N2-representation .such 
that res^^ W is U -isotypical, W is a direct sum of U ® i~i{l) 's. 

Proof. First, we prove that the induced representation ind^^ U is isomorphic to the 
direct sum ©/gz^(t/®17(^)). By Frobenius reciprocity, HomAr2(c7(8)17(/), ind^^ U) = 
HomArQ(res^^ U ® fl{l), U) is one-dimensional, and this means that each U ® fl{l) 
for I £ Z,„ is a subrepresentation of ind^^ U by Schur's Lemma. So, ind^^ U is 
isomorphic to the direct sum ©/gz„(C^® ^(0)- 

We may assume that W is irreducible. We only have to show that W is one 
of [7 (8) ri(Z)'s. Since resj^^ W is ?7-isotypical, res^^ W = lU for some integer /. By 
Frobenius reciprocity, HomjVa (M^, indjy^ U) = HomAro(res^^ W, U). Since resj^^ W is 
isomorphic to /[/, we obtain that HomAfQ (res^^ W, U) is Z-dimensional by Schur's 
Lemma. But, since C7(8)17(/)'s are all different and W is irreducible, Schur's Lemma 
says that lloTiiiq^{W, ind^^ U) is at most one-dimensional, i.e. / < 1. Therefore, I is 
equal to 1, and this gives a proof. D D 
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